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Abstract

Recall that an operator T acting on a Hilbert space H admits a unitary
ρ-dilation ( ρ > 0), in the sense of B. Sz. Nagy and C. Foias, if there
exists a Hilbert space H containing H as a closed subspace and a unitary
operator U on H such that

T n = ρPHUn | H (n ≥ 1),

where PH is the orthogonal projection from H onto H. We denote by
Cρ(H) the set of all operators on H which admit a unitary ρ-dilation and
we write C∞(H) =

S

ρ0 Cρ(H). A famous result of B. Sz. Nagy tells us
that C1(H) consists of all contractions on H and C. A. Berger proved in
a paper entitled ”A strange dilation theorem” that C2(H) consists of all
operators T acting on H with numerical radius less or equal to one. Any
operator T ∈ Cρ(H) will be referred to as a ρ-contraction acting on H.
The study of operators belonging to C∞(H) was elarged upon by many
authors in several directions.

In the first part of this course, we recall many properties and basic
tools used in the study of ρ-contractions.

In the second part, we firstly give constrained von Neumann inequal-
ities for the ρ-numerical radius and applications to inequalities of coeffi-
cients of rational functions positive on the torus.

In the third part, we introduce an Harnack ordering between ρ -
contractions and define the corresponding Harnack parts in the class Cρ.
This part involves some operatorial Harnack inequalities which generalize
the Harnack inequalities for the classical contractions given by C. Foias,
K. Fan and I. Suciu. We also define the Harnack and hyperbolic met-
rics and establish useful properties for these metrics. We recall that a
famous result of C. Foias tells us that a Banach space E, where the class
of contractions is stable under the Möbius field, is necessarly isometric
to a Hilbert space. This property is a very useful tool for the study of
contractions. We will see that the other classes Cρ(H) (ρ 6= 1) are not
stable under the Möbius field. What can be said about membership of
f(T ) in the classes Cρ(H) when T belongs to a given one of them and f is
a holomorphic self-map of the unit disc which is continuous on the torus?
We will answer this question.

The purpose of the fourth part is to give some sharpened forms of
the von Neumann inequality for strict ρ-contactions. In particular, we
recover the results of K. Fan covering the strict contractions and in the
scalar context we find an improved form of the interior Schwarz inequal-
ity quoted by R. Osserman. Also, some sharpened forms of the Schwartz
inequality for ρ-contactions will be given, and as applications, correspond-
ing inequalities for strict contractions and uniformly stable operators will
be derived.



The last part is devoted to establish a useful mapping formula for
fonctional calculus associated with ρ-contactions, the properties of the di-
latation operator radius and a general Julia’s lemma for operators whose
spectrum is contained in the closed unit disc. A application to the hyper-
bolic metric on the Harnack parts of ρ-contactions is given.
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eines unitären Raumes, Math. Nach. 4 (1950/51), 258-281.
[30] R. Osserman, A sharp Schwarz inequality of the boundary, Proc.
Amer. Math. Soc. 128, 12 (2000), 3513-3517.
[31] C. Pearcy, An elemantary proof of the power inequality for the nu-
merical radius, Michigan Math. J. 13 (1966), 289-291.
[32] A. Racz, Unitary skew dilations, Stud. Cerc. Mat. 26 (1974), 545-621.
[33] J. G. Stampfli, A local spectral theory for operators, J. Funct. Anal.
4 (1969), 1-10.
[34] C. Y. Suen, wρ-contractions, Soochow J. Math. 24 (1998), 1-8.
[35] I. Suciu, Harnack inequalities for a functional calculus, Hilbert space
Operators and Operator algebras (Proc. Internat. Conf., Titany, 1970),
North-Holland, Amsterdam, 1972, 499-511.
[36]I. Suciu, Analytic formulas for the hyperbolic distance between two
contractions, Ann. Polon. Math. 66 (1997), 259-252.
[37] N. Suciu, On Harnack ordering of contractions, Bull. Acad. Polon.
Math (1979), 467-471.
[38] I. Suciu and I. Valusescu, On the hyperbolic metric on Harnack parts,
Studia Math. 55 (1975/76), 97-109.
[39] J. A. R. Williams, Schwarz norms for operators, Pacific J. Math. 24
(1968), 181-188.


