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Abstract: We will pose several situations in analysis where some classes
of smooth functions play a fundamental role. In connection with the study of
Laplace equation, we shall analyze the behaviour of the fractional integral op-
erator on LP spaces, where BMO and Lipschitz spaces arise in a natural way.
As a generalization, we will present and study a family of spaces introduced
by Spanne. In particular we will be interested in identifying those members
of the family containing only continuous functions. Finally we shall present
a brief description of Besov spaces and their connection with a problem of
non-linear approximation of a function by its wavelet expansion.
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1 Fractional integration

The fractional integral operator arises in a natural way when solving prob-
lems involving differential operators. From elementary one variable calculus
we know that integration and differentiation are inverse operations. This is
basically the content of the Fundamental Theorem of Calculus. The picture
is not that simple in higher dimensions where the most interesting situations
occur. In order to solve partial differential equations, even in a theoretical
framework, we must deal with operators involving inverses of “derivatives”.
Fractional integrals are in many cases the key operators to handle such in-
verses. The basic identity that leads to a generalization of the fundamental
theorem of calculus in one variable, i.e., f; f'(s)ds = f(t) — f(a), is the

following

wo =yl
where f denotes a function defined on R", with compact support and con-
tinuous partial derivatives. In fact, let B(z, R) be a ball centered at x and
with radius large enough to contain the support of f. For each unit direction
Yy’ we may apply the one dimensional result to get

R 00
fla) = [ Doste—wyat= [ s =w)y)ar

Integrating both sides over all the directions ¢y’ we obtain

f(z) =cq /Snl /Ooo WVile _nty/)’ W) et gy dy'

t

:Cn/ (Vi —y)y) dy:cn/ NViwz =y,

|y | |z —y|”

From here it follows immediately that

@) < e / VIGIL g,

oz =yt

Now we introduce the definition of the Fractional Integral Operator of
order o, 0 < a < n, by the expression

l'ag(:zc):/R ﬂdy.

n |z =yl
It follows that, taking a = 1 (as long as n is greater than one),

|f(@)] < eni(IV 1)
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As a consequence we may say that an improvement on the integrability of
the function I,(g) with respect to that of g, i.e., some boundedness results of
I, on Lebesgue spaces, would lead to obtain a better degree of integrability
for a function f from assumptions on the size of its gradient. As an example,
if we start with a function in L? whose gradient belongs also to L? and we
are able to prove that the Fractional Integral operator for @ = 1 maps L>
into L? for some ¢ > 2, we might conclude that f has in fact a better local
integrability than that originally assumed. This type of result is known as
one of the “immersion Sobolev’s theorems” and it turns to be a fundamental
tool in proving regularity properties for weak solutions to some uniformly
elliptic partial differential equations, like the Laplace equation. In a similar
way, results on the behavior of I, over smooth function spaces are funda-
mental for obtaining regularity properties for classical solutions of such kind
of equations. During the last fifty years, Fractional Integral operators have
been intensively studied, not only in the present context but in more general
situations to englobe larger classes of equations.

Another way of looking at the relationship between Fractional Integral
operators and derivatives is by studying their Fourier transforms. Since they
are convolution operators, it is enough to know the Fourier transform of the
kernel k(z) = |2|*™". A homogeneity argument allows us to see that k()
is, up to a constant, |£|”*. On the other hand, if we compute the Fourier

a/2 using distributional calculus, we easily find that it is a

transform of (—A)
constant times |¢]*. Therefore the composition of I, with (—A)*?, whenever
possible, gives the identity.

We shall start our study by stating some classical results concerning the
behavior of these operators on the Lebesgue space LP(R™), that is, the set of

measurable functions defined on R™ such that |f|P is integrable.

Theorem 1 (Hardy-Littlewood-Sobolev). Let 0 < a <n and 1 <p < n/a.
Then I, is a bounded operator from LP(R™) into LY(R™) with 1/q = 1/p—a/n,
that is, there exists a constant C' such that

Haflla < Clifllp-

Remark. It is a pleasant exercise to check that, because of the homogeneity
of the kernel, if the operator I, maps LP into L%, the relationship 1/q =
1/p — a/n must hold. In fact, choosing g with ||g||z» = 1, the above norm
inequality applied to f(z) = g(Az) gives that

A~ n/a < C)\fn/p7

should be true for any A > 0. That is possible only if a + n/q = n/p, which
is the same as 1/¢ = 1/p — a/n. O



In order to prove the theorem we first introduce a new space, a little
bit larger than L9, named weak-L? or L%* for short. Given a measurable
function f, let us denote by p; its distribution function, that is, for A > 0

ppN) = [z = [f(2)] > A}

We will say f € L#*(R") if there is a constant ¢ such that
c
pr(A) < v for all A > 0.

The infimum of such constants raised to 1/p-th power turns to be a norm
in this space as long as 1 < ¢ < oo, and moreover it is complete. The well
known Tchebycheft’s inequality

1 q
<5 [

implies that L? C L%, continuously. On the other hand, it is straightforward
to check that g(z) = 1/|z|"? belongs to L%* but, however, g does not belong
to L9.

Now, if a given operator T' is bounded from L? into L%* we shall say that
it is of weak type (p,q), while we shall say that T is of strong type (p,q)
whenever it is bounded from LP into L?. From the above remark we deduce
that any strong type operator is of weak type. However the converse might be
not true, as we shall illustrate later. We shall make use of a famous theorem
due to Marcinkiewicz that will allow us to derive strong boundedness results
from weak type inequalities. We give the precise statement (for a proof see

[St]).

Theorem 2 (Marcinkiewicz’s interpolation theorem). Let pg, p1, qo, ¢1 be real
numbers such that 1 < p; < ¢ < 00, po < P1 ¥ @ # q1- Let T be a
sublinear operator which is simultaneously of weak type (po,qo) and (p1,q1)-
Then for each 0, 0 < 0 < 1, with 1/p = (1 —0)1/py +601/p; and 1/q =
(1—-0)1/qo+ 01/q1, we have that T is of strong type (p,q), that is,

1T fllq < Allflp-

(When q; = oo weak type means || T f

piv)

We shall also use the the very well known Young’s inequality for convo-
lutions, namely

1S+ gl < I 1sllglle,
where 1 < s,t<ooyl+1/r=1/s+1/t.
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Proof of theorem 1. We will prove that for 1 < p < n/«a, 1/¢ =1/p — a/n,
the operator I, satisfies

|{-CE Lo f|(x) > )\}’ < % (/ ‘flp)(I/p'

In other words, I, is of weak type (p, q),1 < p < n/a. From here, by means of
Marcinkiewicz’s interpolation theorem, we will obtain the strong type (p, q),
in the range 1 < p < n/a.

For each n > 0 we split the kernel K (z) = |z|*™" in

K=Ky+ K,

where Ky = KXB(O,n) and K, = KXBC(O,n)'

If f belongs to LP, Ky * f as well as K, % f are finite a.e.. This is so
since K; is an L' function while K., is in L?, and then an application of
Young’s inequality gives that Ky * f belongs to L”, and that K * f is in
L> and, consequently, finite almost everywhere. Moreover, straightforward
calculations show that

1Kol < con®s || Keolly = cin™™/1.
Now, let us observe that
{z : [K * fl(x) > 2A}]

< [{o < [Ko # fl(@) > M| + [{w : [ Koo % fl(2) > A}
=1+1I.

To estimate I we use Tchebycheff’s and Young’s inequalities to get

1 1 JaliISY
1< 55 Ko Il < 5 IElR I < o (1502 )

On the other hand, since for almost every z,
Koo # fI(x) < [ Koolly 1 1lo < cxn™™ || £l

choosing 7 such that ¢;n~4||f||, = A we obtain that I1 = 0.
Consequently, for this value of  we have

ch qo/n o\ 2\
|{ac DKok f|(x) > 2)\}‘ < cﬁ)qg/n (”i\cya/n HJ;” ) = c<@) ,

since from the relationship between p and q it follows that 1+qga/n = ¢/p. O
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Therefore we have shown that I,, is of weak type (p, q) for p in the interval
[1,n/a). Since any p in the open interval (1,n/a) may be seen as an inter-
mediate point between two values py and p; belonging to the same interval,
we may conclude via interpolation that I, is of strong type for p € (1,n/«)
and ¢ such that 1/¢=1/p — a/n.

Remark. In the above proof we have seen that I, is also of weak type (p, q)
when p=1and ¢ =n/(n — «a).

Moreover it can be shown that it is not of strong type in the extreme
point. In fact, if we take a sequence of functions f, ||fx|i = 1 tending to
the Dirac delta we will have

Iofi(x) = K * fi — cp /|27,

for almost every x € R"™. Therefore, if the strong type inequality were true

we would have
| K * filln/n—a) < A,

and by Fatou’s Theorem, we would arrive to

/ |z| ™" dr < oo,

which is obviously false. O

We state our observation as another boundedness result for I,,.

Theorem 3. Let 0 < oo < n. The operator 1, is of weak type (1,n/(n — «))
but not of strong type.

It is also not difficult to check that in the other end point p = n/a, I,
is not of strong type (n/a, 00) as may be expected. In this case it is enough

to take f(x) = |z|~*(log 1/|:c|)_7“°‘/”XB(071/2)(9(:), with 1 < r < n/a, which
belongs to L™ and observe that
y - —ra/n
i@ = [ oy
i<tz |7 =Yl

is a continuous function for x # 0, and also

i L f(x) = [ (Qog1/lul) " ol dy = .
lyl<1/2

z—0

since 1 — ra/n > 0, giving that I, f is not essentially bounded. Then, a
natural question arises. What can be said about I,(f) for a function f €

b}



LV*? Certainly we should enlarge the space L™ so as to allow functions
behaving locally as the logarithm at the origin. The appropriate space is
known as BMO (bounded mean oscillation) or the John-Nirenberg space
(see [JN]) and it is defined as:

1
BMO:{fELllOC:HfH*:s%pE/B]f(x)—me’dx<oo},

where the supremum is taken over the family of balls in R", and mg f denotes
the average of f over the ball B, that is, mgf = ﬁ fB f.

If we want || ||. to be a norm, we must identify those functions whose
difference is a constant.

With this notation we will be able to prove the following result:

Theorem 4. Let f € L™ and having compact support. Then, I, f is finite
almost everywhere and

[T fll« < Cllfllnja-

Proof. Since such f belongs for instance to LP, 1 < p < n/«, then I, f € LY,
1/q = 1/p — a/n, and hence locally integrable.

Let B = B(xo,7) be a ball. We decompose f = fi + fo with fi = fx;
where B = B(zg, 2r).

Now,

2

: /
Tl |Iaf - mBIaf| S
1Bl /s 1Bl /B

1
Lo f1 +®/ \Iofo —mplafol =1+ 11.
B

But if we choose p and ¢ such that 1 < p < n/a, 1/¢ = 1/p — a/n, we
obtain

1 1 1 1 1
E/B|]af1| < (@/Buafﬂq) i < O|B|1/q (/|f1|p) /p7

in view of Theorem 1. Applying Hélder’s inequality with » = n/ap > 1 and
" =n/(n — ap) we get

| B|(n—ap)/np

TR

Han/a =cC ||f||n/a
On the other hand

1 —n a—n
”SW/B/B 1)l = ol = 12 =i dyd da



Since z,z € B and y € B¢, [z —y| > r, |z —y| > r. An application of the
mean value theorem leads to

Hm _y’afn o ‘z_y‘afn‘ S C‘.Z'— Z‘eafnfl’

being 6 an intermediate value between |z — y| and |z — y|. Since in our
situation both values are equivalent to |zo—yl|, the last expression is bounded
by er|zg —y|* "', and then

[I<er / £ ()] o — y|* " dy
|zo—y|>2r
D) e (n—a)/n
< CTHf”n/a </ |$0 — y’(a n—1)n/(n—a) dy)

|zo—y[>r

Changing to polar coordinates the last integral equals to a constant times

/ p—n—n/(n—a)pn—l dp _ Cr—n/(n—a)’
and therefore we also obtain
IT <c| flln/a- []

Remark. We have stated the theorem only for I, f with f in L™/ and having
compact support. Let us notice that for such functions, if we define

Lt = [ (e = 1) ) dy

|z =yl [yl

- [ocf(x> - / f(yj dy = [oz.f<x) -,
wi>1 [yl

we would obtain that I, f and I, f are the same as functions in BMO. On the

other hand, it is easy to see that for f € L™, I, f is finite almost everywhere

and moreover locally integrable. In fact, let Bg = B(0, R) with R > 1 and

r € Br. We write

faf(x):/ &d%/l W

yl<2r [T =y <lyl<2r Y™

1 1
d e ] @
ly|>2R |z — | Y|

The first term in the sum gives a function in L] . since it is the fractional

integral of a L™ function with compact support. The second integral is a
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finite quantity and independent of z since 1/|y|"~* < 1 and, being f in L™/®,
is locally integrable. Finally, for x in Bg, the quantity between brackets is
a difference of two values of the function t*~" away from the origin, and
hence the mean value theorem may be applied to bound the integrand by
Clz|/|y|"~!, since again |z —y| =~ |y|. Clearly, this last function belongs to
L= "and then Holder’s inequality gives that the third integral is bounded
by Clz| which is integrable on Bpg.

From these observations we can say that I, f provides an extension of
I f for general functions belonging to L* and not necessarily with compact

support. O

Similar considerations hold for n/a < p < n/(a — 1)". It turns out
that I, f is also well defined for f € L?, giving a class of locally integrable
functions that differ by a constant. In fact the same argument applies and
all we need is that 1/|y["® € L¥ and 1/|y|”’a“XBI% € L”, and clearly both

are true in the stated range.

A new question therefore arises: what can be said about the image of L”
under I, when n/a < p < n/(a—1)%?

From the above remark we know that I, f is locally integrable and the
proof of theorem 3 can be followed step by step; the only difference is that
when estimating the averages in terms of | f||, instead of || fl|,/a, we will
obtain C'||f||, | B|*/"~*/? on the right hand side.

In this way we would get an estimate of the type

loc

T (57 [, Ved ~ ma s < CU

for p such that n/a < p < n/(a —1)". Let us observe that in such situation
the exponent a/n — 1/p is always positive and less than 1/n. Moreover, the
above inequality for p = n/« gives the statement of Theorem 3.

Then, for a given 0 < # < 1 we introduce the space

1 1
BMO :{ €L, su ——/ -m <oo}.
B f 1 Bp |B‘B/n |B| B|f Bf‘

When 3 = 0 we recover BMO and for § > 0, as we shall see in the next
section, it coincides with a very well known space of smooth functions.

2 Functions with controlled mean oscillation

As a generalization of the spaces we just introduced, when trying to describe
the image of L” (p > n/a) under the fractional integration, S. Spanne [Sp]
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defined the BMO,, spaces as the class of functions whose mean oscillation
is controlled by ¢, a fixed non-decreasing and positive function defined on
(0,00). More precisely,

1 1
BMO :{fELloc:sup——/ f—mpf <oo},
‘ o P B 181 Jp T e

and moreover, if we denote by || ||, that supremum, taking over all the balls
in R™ , the space BMO,,, turns to be a Banach space, after identifying those
functions that differ by a constant.

Clearly for o(t) = t?, 0 < 8 < 1, we have the spaces introduced in the
previous section. In particular, for § = 0 we recover the John-Nirenberg
space. These spaces were firstly studied by Campanato [C] and Meyers [M]
in connection with the study of regularity of solutions of elliptic partial dif-
ferential equations.

In this section we plan to study some properties of these spaces. In
particular, it is obvious that BMO (8 = 0) contains non continuous functions
(obviously L C BMO), while in [C] and [M] it is shown that for 0 < § < 1,
all the functions are continuous and, moreover, their modulus of continuity
is not worse than #°.

Spanne [Sp], considered the problem of smoothness for functions in BMO,,,
posing the questions of finding conditions on ¢ to guarantee that BMO,, con-
tains only smooth functions and when such situation does not occur.

To answer these questions we introduce the space of Lipschitz-¢ functions,
as those functions whose modulus of continuity is controlled by ¢, i.e.

Ao ={f w0 = swp |f@) = f@)] < co®)}.

lz—y|<t

It is immediate to check that A, C BMO,, and also that A, = L>/c when
©(t) ~ 1 (Here L*°/c means that we have identified functions differing a.e.
by a constant.)

In the next theorem we state the results by Spanne.

Theorem 5. Let ¢ be a non-decreasing and positive function. Then we have

(a) If the function ¢ also satisfies fo t)dt/t < oo for some § > 0 then any
function in BMO,, is continuous and moreover wy(s) < c [; o(t) dt/t.

(b) If p(t)/t is non increasing and f06 @(t) dt/t diverges, then the space BMO,,
contains discontinuous and locally unbounded functions.

Corollary 6. Ifgo is such that f t)dt/t < oo for some d > 0, denoting
by p(s) = [ @(t)dt/t, it follows that BMO, C Ag.

9



We will not show the result (a) of Spanne in its full generality. Instead,
to make the computations easier, we are going to assume that (t)/t is non
increasing also for the proof of (a).

We shall make use of the following simple lemma.

Lemma 7. Let f € BMO, and B C B two balls in R™. Then

Bl
maf — myf] < ||f||*,@HsO(|B|1/”).

Proof.
1
mof = msf| = [ 1t =

|B| [B| o
|B| ]B\/'f mpf| < 1B e(IBIY") [ fllep- O

Proof of theorem 5 (a). Let us start by noticing that ¢(t)/t non increasing
implies that for any fixed a > 1, there is a constant ¢ such that p(at) < ¢ p(t).
On the other hand if @ < 1 such inequality holds Wlth constant one, since ¢ is
non-decreasing. It is also clear that ¢(t/2) < cft/2 s)ds/s < cfo s)ds/s.
Hence ¢(t) < cp(t).

Let 2,y € R" and B = B(x, |z —yl|), B’ = B(y, |t—y|) and B = B(x, 2|z —
yl)-

[f(2) = fy)l < [f(2) —mpfl+[f(y) —mpf]
+ |mp f—mpafl+ |maf —mpf|=1+11+ 11+ IV.

Since both, B y B’ are contained in B, the terms III y IV, according to
lemma 7, are bounded by

- lz—y| d
2" (| B | flleip < 2" @& = y) | Fllep < CHwa/ (1) %

The terms I y II are quite similar, so we only bound the first. We set
B; = B(x,2 %z —y|) for i > 1y By = B. Then we have

m—1
[f(@) = mpf| < |f(2) = mp, |+ Y |ms,.,
=0

Since f is locally integrable, Lebesgue’s differentiation theorem applies.
Let us assume that x is in fact a Lebesgue point. Then, taking limit for
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m — 00, the first term on the right hand side goes to zero, and applying
lemma 7 to each term in the series we get

(@) =mpfl <Y Imp, | —mpf] < el fllue Y027 BIY)

=0 =0
—it1

! - ? 1/n dt ! 1/n di
<N llew D o BT < Cliflleg | o (BIT) 2
1=0

i

Since |B|Y" = w, |z — y| with w, = |B(0,1)|'/", performing the change
of variables s = t|x — y| and using that ¢(as) < cp(s) it follows that

|z—y| ds
1<clf]s / o) 2,
0 S

for some appropriate constant c¢. Therefore, part (a) of the theorem is proved
under the extra assumption ¢(t)/t non-increasing. O

Before proceeding with the proof of part (b), let us observe that a function
f satisfying the property: for any ball B there is a constant C'g such that

1
i L1 = Cal < Ap(BI,

with A independent of the ball B, certainly belongs to BMO,,, and moreover
| fll«p < 2A. In fact,

1 1
E/|f—mBﬂ§E/‘f_CB|+’CB_me|
B B
< Ap(IBY"™) + = [ 17 = Cpl < 240( B
=Y |B| /5 Bl =209 '

Consequently, in order to prove that a function does belong to BMO,, we
may use any constant C'g instead of mpf.
Proof of theorem 5 (b). We set
Lo(t)
h(z) = / —= dt.
|

Then h is continuous at = # 0 and under the assumptions on ¢, it is
discontinuous at x = 0 and unbounded nearby. To check that h € BMO,, it
is enough to consider balls B(z,r) with z # 0.

11



We set B = B(z,r), zp = z + rig and Cp = h(zg). Let us notice that
|zg] = |z| + r and that for x € B, |z| < |v — z| + |z| < |z| + . Hence for
r € B,
2|+ dt
) = Col = ) ~ o)l = | o) T
In order to estimate the oscillation, let us consider first the case |z| < 2r.
In this situation we have

/B|h(x)—cB|=/]Bﬁz+r¢(t)%dxg/OZW@(/M dz) di

|z]4+r
< Collz] +7) / 71 < Cp(3r) 1™ < Co(|B[™)| B,
0

where we have used ¢ non-decreasing, |z| < 2r and p(ar) < Cp(r).
Now if |z] > 2r, the distance from the origin to the ball is at least r. In
fact,if x € B, |z| > |2| = |z — x| > |2| —r > .

In this way
et dt QO(T') 1/n
[ -cai< [ ([ o)) do< B2 20 = 2Bl o),
B B Nr t r
where we have used that ¢(t)/t is non-increasing,. O
Remarks.

1. It is worth noting that the proof of h € BMO,, does not make use of
the divergence of the integral, we just used ¢ non-decreasing and ¢(t)/t
non increasing.

2. For ¢(t)/t non increasing, (a) and (b) imply that if foé ©(t) dt/t diverges
then A, ¢ BMO,,. In fact, when ¢(0%) = 0, all the functions in A, are
continuous and when ¢(07) > 0 they are bounded (locally). On the
other hand, if the integral converges and ¢ ~ ¢, then A, = BMO,,.
Conversely, it can be seen that if both spaces agree, not only the integral
must converge (a consequence of (b)) but ¢ ~ @ must hold. Indeed,
by the previous remark, h € BMO, and hence h € A,. Therefore,

() = h(0)] < Cp(lz]).

But, according to the definition of h,

||
@) =) = [ o) = el
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Then ¢(r) < Cp(r), for any positive r. Since the converse inequality
always holds, we arrive to ¢ ~ ¢©.

3. An example where the assumptions made in (b) hold is ¢(t) = 1. In
such case the function h is

h(|z[) = log(1/]x),

which is the classical example of unbounded function (even locally)
which does belong to BMO. O

3 Smooth function spaces and wavelets

Besides BMO,,, there are other families of spaces that generalize Lipschitz-
a spaces. We will introduce another line of spaces and we shall present a
problem arising in non-linear approximation where they become the appro-
priate spaces. We will follow closely the exposition given in the book by
Wojtaszezyk [W, Ch. 9].

In the sequel, for simplicity, we will restrict our functions to one dimen-
sion, even though most of the results have an extension to higher dimensions.

As we have seen, a Lipschitz function is defined in terms of its pointwise
modulus of continuity, i.e.,

wy(t) = supsup [f(z + h) = f(x)| = sup |[f(z + ) = ()],

hl<t @ Ih|<t

which measures in some sense, the size of the difference between a function
and its translation. Since there are many ways of measuring the size of a
function, it is natural to introduce the p-modulus of continuity by

wp(f,t) = sup |[f(z + h) = f(2)]p-

|h|<t

Clearly, woo(f,t) = wy(t).
Next we establish several simple properties of w,:

(i) wy(f,t) is a non-decreasing function of .
(ii) If 1 < p < o0 and f € LP, then lim; ow,(f,t) = 0, and moreover
wp(fit) < 2| f]lp for t > 0.
(ili) w,(f,mt) <mw,(f,t)if meN.

(iv) limy 1 wy(f,t) =0 = f = constant.

13



Clearly (i) and (iii) hold. For (ii) the claim on the limit is obvious for
smooth functions with compact support, and the result follows by the density
of such functions in L”. Finally from (iii) we get

w. t/m
F:0) = f,mtfm) < L)
Making m tend to infinity, the assumption in (iv) implies that w,(f,t) = 0
for each t > 0 and then f equal a.e to a constant.

A function belongs to a Lipschitz-a space whenever sup,. ¢~ woo(f, 1) <
oo. Again, we may change the sup-norm by a different norm, to introduce a
new family of spaces: the non homogeneous Besov spaces Ba o With0 <a <
1 and 1 < p, s < 0o, as the set of functions such that Hpr,a,s < 00, where

(fo [t wp(f, )}Sdt> . if 1 <s < oo,

t.

1 Fllpas =
SUp;so t*wy(f, 1) if s = oc.

In fact, || ||p.a.s are seminorms and they vanish on constant functions. If
we want to work with a norm we should identify functions differing by a
constant, but the resulting spaces may not be complete. When these spaces
are completed, they involve not only functions but also distributions, and
their treatment becomes more difficult.

One way to bypass this difficulty is to introduce the so called homogeneous
Besov spaces B?, _, as the set of functions in L such that || f[|,4,s < co. In this
way, it turns to be a Banach space with respect to the norm W fllp +11f

The seminorm || ||, has a discrete version as it is easy to check.

p,a,s*

Proposition 8. For p,a, s as above, there exist positive constants ¢ and C
such that

p,x,S*

N fllpas < Y2 wy(f,279) < CIIf

JEZ

Proof. Splitting the integral into dyadic intervals and using (i) and (iii) we
get

2—Jj+1

Sdt dt s ajs —7\3
[T laar =3 [ w e <2 Sy

JEL JEZ
Also by (i) the integral is bounded below by

2—045—1 Z 2ajs Wp(f7 2—j>57

JET

and the proposition is proved for s < co. The case s = oo follows similarly,
just replacing integrals and sums by suprema. L]
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To illustrate a situation where Besov’s spaces appear in a natural way,
we shall introduce, in an informal way, some basics concepts and facts from
the one dimensional wavelet theory.

A wavelet on R is a function 1 € L*(R) such that the family of functions

Yip(t) =222t — k) with j, k € Z,

gives an orthonormal system in L?(R).

A first natural question is whether or not such functions do exist. Let
us observe that taking ¢ = X(01/2) ~ X(1/2.1)’ the family {¢;;} is the well
known Haar system that is in fact a basis for L?(R). If we want to have
a wavelet 1, smooth and with some decay at infinity, the examples are not
that easy. Daubechies and Meyer, among others, constructed wavelets with
both properties through a method called a multiresolution analysis.

One of the main advantages in analyzing functions by means of wavelets
rather than through the Fourier method, is that it makes possible to obtain
characterizations of most of the useful function spaces in terms of wavelet
coefficients.

Here we will not give details on what a multiresolution analysis is. For
those knowing this method for constructing wavelets, we say that we will be
working with a ¢ coming from a scale-function ¢ satisfying

(i) ¢ € C'(R), and
(i) |¢(2)] + |¢/ ()| < C (1 + |z])~*, with A > 3.

Given a function f, its coefficients with respect to the system 1;; are
given by

() = [ F(O03ele)
Although any function in L? can be described in terms of coefficients

derived from any basis, if we have a system coming from a “good” wavelet,
that result can also be extended to LP, 1 < p < oco. In that case we obtain

171 = (S 10w P 1l ™)

where I denotes the interval [k277, (k +1)277].

Also, the Besov seminorm of a function can be described in terms of
wavelet coefficients. For the application we have in mind we shall need the
following result (for a proof see [W, p. 228]).
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Theorem 9. Let 1 be a wavelet associated to a multiresolution analysis
satisfying (i) and (ii). Assume further that [ (x)| < ¢ (1 + |z|)~*. Then, for
O<a<landl <p,s < oo there exists a constant C such that

5 1/s
([ (210 ™)) < Ml
k

JEZ

We are interested in the case s = p = (a + %)71 with a < 1/2. In that
situation the above theorem establishes

D WE i)l < CUI oy
j.k

Assuming this result, it is our intention to investigate the following prob-
lem in data compression.

Suppose we have a function f € L?2. We know in this case that f
may be approximated in the L?norm by a finite sum of its expansion,
> i lfs¥ix) ¥jr. Now, assume that we can keep records of only a fix number
of coefficients N, not necessarily the first ones. How good is this approxima-
tion measured in the L? norm? In other words: can we express the order of
the approximation in terms of N for all functions in L??

The following example shows that the answer is negative if we deal with a
general function in L2. In fact, suppose we are allowed to use N coefficients
to approximate f, i.e., we search for the best approximation of f, in the sense

of L?, by > GmyealSs i) Yik, where A C Z x Z, and card(A) < N.
Let fy = SN —A b Then || fx|l2 = 1, and for any A with card(A) <

N we have k=1 VAN 1
D I s

(4,k)eA

This is so because the best choice for A is to keep non-vanishing coeffi-
cients and having only 2N of them and with the same size, we may choose
for example A = {(0,k) : k=1,..., N}, and the norm of the difference gives
in this case (Z?\/]\-{H 1/(2]\/'))1/2 =1/V2.

Since the L?-norm of a function is the /*-norm of its coefficients taken
with respect to an orthonormal basis, we may think the above problem in
the following way.

Given a sequence a = {a},;, With [la/2 = 1, and a natural number N:
what additional conditions on the sequence would guarantee that choosing
the N largest coefficients (in absolute value) we will get a “good” approxi-
mation of the original one? (“good” means here that the error goes to zero
with IV, or better yet, that goes to zero like a negative power of N).
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Let us define the set B C Z such that card(B) = N and |ag| > |ay]
whenever k € B and ¢ ¢ B. Let b the sequence defined by

_Jag if k € B,
“7lo iftkeB.

Assume further that a € 7 for some p, 1 < p < 2 with ||a||s < C. Then

we have
1 1/p )
suplar] < piglad < (7 Dolarl”) < ONT

keB
Since p < 2, it follows that

1/2 _ 1/2
b= alle = (3 larl?) = (3 ol anP?)

k¢ B k¢ B
< (O N-VpY TP vz — ¢ N2,

and we obtain a “good” approximation since 1/2 —1/p < 0.

We may rephrase what we have done in the following way. Assume as
above a € 2N (P, with p < 2, |la|lz =1, and ||a||» < C. Instead of fixing N,
we fix a lower threshold for the size of the coefficients, say ¢ with 6 > 0, and
let us approximate by the sequence neglecting those coefficients less than 9.
Let now B = {k : |ag| > 0} and define the sequence b as above. The previous
estimates give that

Ccr

card(B) < ——
mingep |ax|?

<cro,

and hence
b — al| < CP/251P2,

In this way the approximation improves as 6 — 0, and the velocity of con-
vergence increases when p gets closer to 1.

Coming back to wavelet expansions, the above discussion shows that al-
though such non linear approximation methods may not be good for all the
functions in L2, they will work for some special subspaces, namely those

functions satisfying
)\ /P
(i) " <c
jk

for some p < 2.

The description of Besov spaces in terms of wavelet coefficients allows
us to conclude that they are the appropriate spaces to make these methods
converge. The precise result is the following.
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Theorem 10. Let 0 < a < 1/2, p = (a + %)_1, and f € L?* N ng. Then,
there exists a constant K such that for any N € N it is possible to find a set
A, ACZ xZ, with card(A) = N and

|- > v

(j,k)eA

S K[l N7

Or, alternatively, there exists a constant M such that for any 6 > 0, if
st - {(.77 k) : |<f7¢jk‘>| Z 5}, we have

IF= > Fva v

(j,k)€B5

S M| lap o™
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