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< 6 � � 8 � � 8 � � < 8 6 � A � � � � 8 � ; � 7 6 = � � ; 4 � �  ! "

hk # � � " $ � � # � ! $ " ! % f ◦ g# $ � � # &  ! " � � !  " " � # � � � � $ � � # � � � ! '

h3 ◦ h2 − h2 ◦ h3 = s222
h4 ◦ h2 − h2 ◦ h4 = s422 + s2222
h4 ◦ h3 − h3 ◦ h4 = s732 + s6222 + s5421'''

� � 7 9 � 8 A( ) � � 8 6 * � 9 8 � � + A 4 � � 6 , 8 � � 7 ; 8 �

- � � � � � N ≥ n # & � � � � � � . � � � & � � % ! #
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SK ) K = N × n '

hN ◦ hn � - � � - � � � $ ! � � CP(nN)

hn ◦ hN � - � � - � � � $ ! � � CP(Nn)

/ hN ◦ hn − hn ◦ hN � ! 0 � & $ � $ � ! � # � 1 � 2 3 � 4 ? 5 6 3 B (N, n) 7

" � � � ! #
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V = Cd

hN(x1, . . . , xd)� � & � � � � # � � � � SNV

� # � � � � � � � < 5 � (x1, . . . , xd) � � # & � � � $ ' SNV � � GL(V ) '

(hN ◦ hn − hn ◦ hN)(x1, . . . , xd)� � & � � � � # � � � � SN(SnV )− Sn(SNV )

� � � � $ � 1 � � � � � # � " - � % % � � � Sn(SNV ) ↪→ SN(SnV )

� �
� � $ � 1 � � � � � # ! $ � � � � # � � � SN(SnV )→ Sn(SNV )

3 � � � V = CK � � � � � � � � V 7 . � $ � % $ � � 1 � � 4 ? 5 6 3 B ) � � 6 * '
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SNV � B + 4 4 8 � ; < � � � � 8 ; � � V � � � $ � # � � � # � � ⊗NV

' � # V = C2 = Cx1 ⊕ Cx2 # & � � S2V & � ! - � ! � ! x2
1 ) x1x2 ) x2

2 3 . & � � &

� � $ � � � ! � � # # & � � � � ! ! � ! # [x1 ⊗ x1] ) [x1 ⊗ x2] ) [x2 ⊗ x2] " � % $ � �

x1 ⊗ x2 ≡ x2 ⊗ x1 7 '

TN

� � � V � A + 4 4 8 � ; < � � 8 6 A � ; A � � ! $ - ! $ � � � � � ⊗NV

' � # T2

� � � V & � ! - � ! � ! x1 ⊗ x1 ) x1 ⊗ x2 + x2 ⊗ x1 ) x2 ⊗ x2 '
TN

� � � V ' SNV � ! GL(V )* " � % $ � � ! '
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V = W ∗� % $ � � � � W '

& � " � � � � � $ ! $ � �  � � " � � � � $ � � # � � � ! � � % � � � � � N

� 1 � � P(W ) ' ' ' ! $ � � � SNV '

� 1 � � P(W )n ' ' ' ! $ � � � ⊗nSNV '

� 1 � � P(W )n/Sn ' ' ' ! $ � � � Tn

� � � SNV '

� � " � � � � � � $ ! � � � � % � � � # � � � � � � � # & � / !  " " � # � � � $ � � % $ � #2 P(W )n/Sn#

An(V ) :=
∞⊕

N=0

Tn

� � �

(
SNV

)

' � � " $ � � � � A2(V )# $ � � % $ � # � � � � � " � � # ! f1, f2, g1, g2 ∈ V ) 3 � ' � ' � �

% � � � � � 1 7 #

(f1 ⊗ f2 + f2 ⊗ f1)(g1 ⊗ g2 + g2 ⊗ g1) =

f1g1 ⊗ f2g2 + f1g2 ⊗ f2g1 + f2g1 ⊗ f1g2 + f2g2 ⊗ f1g1
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� � � 8 � (gln, glm)� = 7 5 9 < � + 5 6 = A + 4 4 8 � ; < � � 9 8 � � + A 4 � �  � 	

Tn

� � � V ↪→ An(V ) =
∞⊕

N=0

Tn

� � �

(
SNV

)

3 $ � � � � � � % � � � � � 1 7 '

+ � � 1 � � ! � � $ � � $ � � #  � � # & � !  " " � # � � � � � � � - � � #

π∗ :
∞⊕

N=0

SN
(
Tn

� � � V
)
−→ An =

∞⊕

N=0

Tn

� � �

(
SNV

)

� � $ � 1 � � � � � # " � $ � �

� � � % � % � � � � - � � ! '

& # . � $ � % - � � � � � # & � # # & � � � � � � . � � � � ! ! � � # � � � ! . � � � # � $ � %

� � < 6 , (N, n)# / � � � � � � V ) π∗N � ! � � � � � # � 1 � 2 � � � � � � N ≤ n '

� � A 7 ; , (N, n)# / � � � � � � V ) π∗N � ! ! $ � � � � # � 1 �2 � � � � � � N ≥ n '
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� � " � " - � � # π∗ :
∞⊕

N=0

SN
(
Tn

� � � V
)
−→ An =

∞⊕

N=0

Tn

� � �

(
SNV

)

� � < 6 , (N, n)# / � � � � � � V ) π∗N � ! � � � � � # � 1 � 2 � � A 7 ; , (N, n)# / � � � � � � V ) π∗N � !

! $ � � � � # � 1 � 2

� & � � � " � � � ! � � � #

• � � < 6 , (N, n)⇒ � � < 6 , (N − 1, n) 3 � � � � � � � � % � � � � � N − 1 . � $ � % � " $ �  

� � � � � � � � % � � � � � N 7 '

• � � < 6 , (n, n) = � � A 7 ; , (n, n) ' 3 � � � � � � " � $ - � # . � � � ! $ � � � ! � � # & �

! � " � % � " � � ! � � � 7 ' / � � (n)2 '
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• � � � � � 3 . � � 2 7 # � � � N >> n ) � � A 7 ; , (N, n) � ! # � $ � ' 3 � � $ � � � � # � � . � �

- � $ � % � � N % � $ � � % � � � � � n � � % r 7 '

• "  ! # � � � � $ ! � ' � ' # � � (3) � ! # � $ � )
• ' ' � ' � � A 7 ; , (N,3) � ! # � $ � � � � � � � � � � � 1 � � # N 3 N ≥ 3 7 '

• ' ' � ' 3 0 1 1 0 7 ) � ' � � � � - 3 0 1 1 � 7 # � � (4) � ! # � $ � '
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� � 9 9 8 ; � � 8 7 6 � � � 8 ; � B � 4 8 � � 4 � 7 � 5 � < � 6 A ; 8 � 5 ; = < 6 � � � 7 9 � 8 A( � � 6 , 8 � � 7 ; 8 �

� " " ! #

� � (5) � ! � � � � � '

& ! # & � $ � � - � � " ! # � � � � � # � � � ! # � � � �
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 � � � π∗

0 � # V = W ∗ '

• � & � � ; � = 7 � � 4 5 � 3 n � � � � � � � � � " ! → � � � " ! � � % � � � � � n 7 #

π : V n/Sn −→ SnV
f1, f2, . . . , fn −→ f1f2 · · · fn

& " � � � � � π# ! $ - 1 � � � � #  � � # � # � � �  % � � � " $ � ! � - � � � � � " ! '

• � & � 7 6 < � 6 4 5 � 3 n &  $ � � $ � � � � ! → &  $ � � ! $ � � � � � ! � � % � � � � � n 7 #

Pπ : (PV )n/Sn −→ P(SnV )

& " � � � � � Pπ# ! $ - 1 � � � � #  � � $ � � � � ! � � &  $ � � $ � � � � ! '

Pπ � ! � � � " - � % % � � � 3 ! # � � � � � � � � # � 1 � - $ # � � # � � � " - � % % � � � � � " � ! #

" � % $ � � � � � ! � ! 7 '

π∗ : An ←−
∞⊕

N=0

SNTn

� � � V � ! # & � � ! ! � � � � # � % " � $ � � � � � % � % � � � � - � � ! '
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π : V n/Sn −→ SnV

Pπ : (PV )n/Sn −→ P(SnV )

π∗ : An ←−
∞⊕

N=0

SNTn

� � � V

� 8 ; π∗� � % � � � � � # & � � � $ � # � � � ! � � # & � 1 � � � � # � � ! � � # � # � � �  % � � � " $ � ! � - � �

� � � " ! � � % # � # � � �  % � � � " $ � ! � - � � &  $ � � ! $ � � � � � ! '

� " π∗ � ' ' ' ! � � � � # � �

� � < 6 , (N, n)� � � $ � �  � � " � � � � � % � � � � � N 1 � � � ! & � ! � � # & � ! $ - 1 � � � � #  � �

# � # � � �  % � � � " $ � ! � - � � � � � " ! � � % � � � � � n '

' � # � � ) � * � � � $ � �  � � " � � � � � % � � � � � ≤ 2 1 � � � ! & � ! � � # & � ! $ - 1 � � � � #  

� � � � � # � � � � � - � � � $ � % � � # � � � � � " ! '

' � # � � ) � * � � � $ � �  � � " � � � � � % � � � � � ≤ 3 1 � � � ! & � ! � � # & � ! $ - 1 � � � � #  

� � $ � � % $ � # ! � � # & � � � � � � � � � � � � " ! '



� � � 	 � � � � � � � � � � � � � � � � FH(3) � � � � � �

� 5 � � 7 8 A � 5 = 5 4 5 ; = � B 7 ; 9 8 A

� � 6 = < � < � 6 A = 8 = 8 � � 4 � � A < � < � 6

= 8 A � � ; 4 8 A � : 7 9 9 8 � < 6 = 8 9 5

B � � � � �   

' � � " � � # � �  � � � " � # � � � � � � $ �

" � � # ! '



An(V ) =
∞⊕

N=0

Tn

� � � SNV � � 
 � � � � � � � 	 � �

' � # V . � # & - � ! � ! x1 ) x2 ) # & � � S2V & � ! - � ! � ! # x2
1, x1x2, x2

2

� & � � T2

� � � S2V & � ! - � ! � ! #

x2
1 ⊗ x2

1, x2
1 ⊗ x2

2 + x2
2 ⊗ x2

1,

x2
2 ⊗ x2

2, x2
1 ⊗ x1x2 + x1x2 ⊗ x2

1,

x1x2 ⊗ x1x2, x2
2 ⊗ x1x2 + x1x2 ⊗ x2

2.

� � � # � xj(ai) � � aij � � � xj � � $ � ! � # � � � i ) � ' � '

x2
1 ⊗ x1x2 = x1(a1)

2x1(a2)x2(a2) = a2
11a21a22

x2
1 ⊗ x1x2 + x1x2 ⊗ x2

1 = a2
11a21a22 + a2

21a11a12

= a20
1 a11

2 + a2
20a1

11

= m(20)(11) = m
[
2 1
0 1

]

� � " � � � � � � $ ! " � � � " � � � � $ � � # � � � � � % � � � � � 2# |(20)| = |(11)| = 2 '

m(20)(01) = a20
1 a01

2 + a20
2 a01

1(
m(20)(01)

)
|a1=λa1

= λ2a20
1 a01

2 + λa20
2 a01

1 .

� � # & � " � � � � � � $ ! '



π � � � π∗ � � 
 � � � � � � � 	 � �

� & � & � " � � � � � � $ ! " � � � " � � � � $ � � # � � � ! � � % � � � � � 1 � � � # & �

/ - $ � % � " � � # � �2 3� & � " � � � � � � $ ! � � � " � � # � �  7 � $ � � # � � � ! # eα1,...,αd . � # &

|α| = n '

' � # n = 2 ) dimV = 2 )

& � A2#

x1 ⊗ x1 = e20 3 2 � � $ � � � � � � ! � � x1 ) 0 � � x2 7

x2 ⊗ x2 = e02

x1 ⊗ x2 + x2 ⊗ x1 = e11

& �

∞⊕

N=0

SNTn

� � � V 3 � � � � - � � � � $ � �  � � " � � � ! 7 ) # & � ! � " � � - � � � # ! ! & � $ � % - �

� � � ! � % � � � % � ! � � % � $ � � % � � # 1 � � � � - � � ! # x1 ⊗ x1 = Y20

x2 ⊗ x2 = Y02

x1 ⊗ x2 + x2 ⊗ x1 = Y11

� & � � π∗ : Yα 7→ eα '
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 � � � � � � � 	 � �

� 8 ; π∗ � � � � � - � � � � � � � � # � � � ! - � # . � � � # & � - $ � % � " � � # � � � $ � � # � � � ! eα '

< 4 π∗ � e� = 8 � � 4 � � A 5 � 9 8 % !  " $ � �  � � " � � � ! � $ � �  � � " � � � ! � � # & �

- $ � % � " � � # � � � $ � � # � � � ! eα '

� � < 6 , (N, n)� � � � � � � # � � � $ $ # � % � � � � � N '

� � A 7 ; , (N, n)� � � � & � " � � � � � � $ ! % !  " 3 §n 7 $ � �  � � " � � � ! � � % � � � � � N

� � � / e* % � � � " $ � ! � - � �2 '

- � � . & � � & N ≥ n � � � � � A 7 ; , (N, n) # � $ � � 3 ! � � 0 � & � � � � � � �  � �  � !

� $ $ � � � � & # � � � " $ $ # � � � ! $ � # � � # ! 7 '
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� � " � " - � � # # & � 1 � � � � - � � ! � � � aij = xj(ai) � � % Sn $ � � " $ # � ! # & � ai '

� & � Sn * � � 1 � � � � � # $ � � � � � � � # � � � � � � " k # � j #

P [jk] =
n∑

i=1

xj
∂

dxk

# � � � ! � � � " ! % !  " $ � �  � � " � � � ! � � # � % !  " $ � �  � � " � � � ! '

' � #

P [21] (a11a12) = P [11] (x1(a1)x1(a2))
= x2(a1)x1(a2) + x1(a1)x2(a2)
= a12a21 + a11a22

� ' � ' P [21]e2(a1, a2) = e11(a1, a2) '

' � # # & � � % � � # � #  - � # . � � � !  " " � # � � � $ � �  � � " � � � ! p2 = e21 − 2 e2

- � � � " � ! ) � � # � � � $ $ �  � � � P [21]#

2 p11 = 2 e10 e01 − 2 e11
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 	 � � �

� � " � " - � � # # & � 1 � � � � - � � ! � � � aij = xj(ai) ) §n $ � � " $ # � ! # & � ai '

� � � # � � � # � � � C[kj]� � � $ � � � � xj . � # & xk '

( � � � � � � � � � � # � � � # � � $ � � � � xj . � # & x
α1
1 x

α2
2 · · ·

' � # # & � % � � � " $ � ! � # � � � � � # & � $ � � " � � � � # #

e111 = p111 − p110 p001 − p101 p010 − p011 p100
+2 p100 p010 p001

$ � � 1 � % � ! ) � � # � � � 1 � � $ � # � � � � # x1 = x4
1 ) x2 = x2

1 ) x3 = x1 ) # & �

% � � � " $ � ! � # � � � � � # & � 3 � � % � � � �  7 " � � � " � � � � $ � � # � � � #
m421 = p4+2+1 − p4+2 p1 − p4+1 p2 − p2+1 p4 + 2 p4 p2 p1

= p7 − p6 p1 − p5 p2 − p4 p3 + 2 p4 p2 p1



� 
 � 
 � � � � � � � � � � (N, n) � � � � 	 � � � � 
 	 � � �

� � A 7 ; , ) � � 6 * � � � � " � � � " � � � � $ � � # � � � ! � � % � � � � � N � � � � B + 4 d
n 3 � � � d 7

� � � e* % � � � " $ � ! � - � � '
• � �  ! $ � & " � � � " � � � � $ � � # � � � � ! � - # � � � � % -  � � � # � � � # � � � � � � " �

" $ � # � � � � � � � & � " � � � � � � $ ! " � � � " � � � � $ � � # � � � m?(N,n) '

' � # m?(3,2) = m




1 0
1 0
1 0
0 1
0 1
0 1


 ' � # m?(2,3) = m




1 0 0
1 0 0
0 1 0
0 1 0
0 0 1
0 0 1




• � � � # � � � # � � � ! � � % ! � $ � % � " � � # � � � $ � � # � � � ! # � � $ � % � " � � # � �

� $ � � # � � � ! ' ' � # C[12]e11 = 2 e2 '

� & $ ! # m?(N,n) e* % � � � " $ � ! � - � � ⇒ � � A 7 ; , (N, n) '

' � # m

[
1 0
1 0
0 1
0 1

]
= 1

2 (e1100e0011 − e1010e0101 + e1001e0110) � ! � � � � # � � � � # �

� � � FH(2) '
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 � 
 � � � � � � � � � � (N, n) � 	 
 � � � � 	 � � � � � � � 
 � � 	 � � 
 � 	 �

m?(N,n) e* % � � � " $ � ! � - � � ⇒ � � A 7 ; , (N, n) '

' � # m

[
1 0
1 0
0 1
0 1

]
= 1

2 (e1100e0011 − e1010e0101 + e1001e0110) � ! � � � � # � � � � # �

� � � FH(2) '

� $ $ �  C[13] � � % C[24]#

m
[
2 0
0 2

]
= e211 − 2 e20e02

3 . & � � & � ! � $ ! # � � & � " � � � � � � � # � � � � � p2 = e21 − 2 e2 7



� � 
 � � � � � � � � m?(N,n)

m?(N,n) =
∑

?eα1eα2 · · · eαN

�  - � $ # � � � � � � # . � � # � # & � " � # � � � M(N, n) . & � ! � � � � $ " � ! � � 1 � # & �

% � � � " $ � ! � # � � � ! � � # & � " $ � # � � � � � � � $ � � % $ � # ! � � eα � � # & � " � � � " � � �

- � ! � ! ' & # � ! � " � # � � � � � # & � � � ! # � � � # � � � � � π∗ 3 � � � V = CNn 7 # � # & �

" $ � # � � � � � � � $ � � � � ! '

M(N, n) � $ � � � � � � < � � � A 7 ; , (N, n) & � � % ! ' 3 � ! ! $ " � N ≥ n 7

' � # N = n = 2 ) # & � " � # � � � � !


0 1 1
1 0 1
1 1 0




& � # & � " $ � # � � � � � � � $ � � � � � � � � B + 4 2
4 )


 � � % $ � # ! � � - $ � % � " � � # � � � $ � � # � � � ! # e1100e0011 ) e1010e0101 ) e1001e0110 '

( � � � " � � � � $ � � # � � � ! # m

[
1 0
1 0
0 1
0 1

]

) m

[
1 0
0 1
1 0
0 1

]

) m

[
1 0
0 1
0 1
1 0

]
'



� 
 � � � 	 � � � M(N, n)

& � # & � " $ � # � � � � � � � $ � � � � � � � � B + 4 Nn
n )


 � � % $ � # ! � � - $ � % � " � � # � �

� $ � � # � � � ! 3 � � # N = n =

2 ) # & �  � � � e1100e0011 )
e1010e0101 ) e1001e0110 7

↔ P(nN) 3 ! � # $ � � # � # � � � !

� � N - � � � � ! � � ! � � � n 7

( � � � " � � � � $ � � # � � � ! 3 � � #

N = n = 2 ) # & �  � � �

m

[
1 0
1 0
0 1
0 1

]

) m

[
1 0
0 1
1 0
0 1

]

) m

[
1 0
0 1
0 1
1 0

]

' 7

↔ P(Nn) 3 ! � # $ � � # � # � � � !

� � n - � � � � ! � � ! � � � N 7

' � # � � � ! � � # & � " � # � � � # � � � � � � mP � � eQ � 1 � � P ∧Q = 0̂ ) 0 � � ! � '

� & � ! � ! # & � ( � # � � � � � � � � � � � � % � � ! # '



� 
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 � � 	 � � 
 � 	 �

• � � (N, n) ⇔ m?(N,n) � ! e* % � � � " $ � ! � - � � '

• � & � " � � � " � � � � $ � � # � � � m?(N,n) ∈ � � B + 4 Nn
n � ! � - # � � � � % -  

$ � � � � � ! � # � � � � � � " # & � " � � � " � � � � $ � � # � � � m(Nε1)(Nε2)···(Nεn) '

• $ � � � � � ! � # � � � $ � � ! � � 1 � ! e* % � � � " $ � ! � - � � � #  '

' � # N = n = 2 '

m(2ε1)(2ε2)
= m

[
2 0
0 2

]
= e211 − 2 e20e02

� $ $ �  # P [31]P [42] ) � #  � � � % ! # & � " $ � # � � � � � � � � � � # � � � � # � #

4m?(2,2) = 4m

[
1 0
1 0
0 1
0 1

]
= 2 e0110e1001 + 2 e1100e0011 − 2 e2000e0101

� � (N, n) ⇔ m(Nε1)(Nε2)···(Nεn) � ! e* % � � � " $ � ! � - � � '



� � � 
 � � � � � � � � 	 � � 
 � � � � �

& � � � B + 4 N
n #

� � " � " - � � # & � 1 � � � � - � � ! � � � aij = xj(ai) ' � & � � � � $ $ Sn $ � � " $ # � ! # & �

ai ) # & � % !  " $ � �  � � " � � � ! � � � � # ! � � 1 � � � � � # ! ' � ! � � � � % � � � $ $ SN

$ � � " $ # � ! # & � xj ) � # � � # ! � � � � B + 4 N
n � � % # & � � � $ � � " $ # � ! # & � eα '

' � # τ12 · e3,6,9 = e6,3,9 '

� & � " � � � " � � � � $ � � # � � � m(Nε1)(Nε2)···(Nεn) � ! � � 1 � � � � � # ' & � � #

% � � � " $ � ! � ! � � � $ � % � " � � # � � � $ � � # � � � ! ) � # ! & � $ � % � � ! � � % " � # �

!  " " � # � � � % � � � " $ � ! � # � � � 3 � 1 � � � � � � 7 '

m(Nε1)(Nε2)···(Nεn) � ! e* % � � � " $ � ! � - � � < � � # � ! � � � � � � � � � " - � � � # � � � � � !  " "



� � � � � � � � � � � 	 � � 
 � � � � � � � � � � � � � � � � � � � N

� � � � � � - � ! � ! # � � - � # ! $ " ! � � " � � � " � � � � $ � � # � � � ! #

' � 3 n = N = 3 7 #

m̃

[
3 0 0
0 2 1
0 1 2

]
= m

[
3 0 0
0 2 1
0 1 2

]
+ m

[
0 3 0
2 0 1
1 0 2

]
+ m

[
0 0 3
2 1 0
1 2 0

]

� & � � $ � � # � � � ! M � � � � � % � � � % . � # & � � � ! ! � ! � � n× n " � # � � � � ! . � # & � � .

! $ " ! N � � % � � � $ " � ! $ " ! N ) " � % $ � � Sn ×SN '

, � - � # ! $ " ! � � � $ � � # � � � ! e#

' � 3 N = n = 3 7 #

E

[
3 0 0
0 2 1
0 1 2

]
= e300e012e021 + e030e201e102 + e003e210e120

� & � � $ � � # � � � ! E � � � � � % � � � % . � # & � � � ! ! � ! � � n×N " � # � � � � ! . � # & � � .

! $ " ! N � � % � � � $ " � ! ! $ " ! n ) " � % $ � � Sn ×SN '
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� � A 7 ; , (N, n) ⇔ m(Nε1)(Nε2)···(Nεn) � ! � � � � � � � � " - � � � # � � � � � � $ � � # � � � ! E

' � # FH(2)

m(2ε1)(2ε2)
e211 − 2 e20e02 = E

[
1 1
1 1

]
− 2E

[
2 0
0 2

]
.

' � # FH(3)#

m

[
3 0 0
0 3 0
0 0 3

]
=

E

[
1 1 1
1 1 1
1 1 1

]
− 3E

[
3 0 0
0 2 1
0 1 2

]
+ 6E

[
2 1 0
0 2 1
1 0 2

]
− 3E

[
1 1 1
1 2 0
1 0 2

]
+ 33E

[
3 0 0
0 3 0
0 0 3

]
.
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& � # & � % � � � � � N $ � � � � � � C[{xj(ai) | i = 1, . . . , n; j = 1, . . . , N}]Sn×SN )

� � � ! � % � � # & � " � # � � � T(N, n) . & � ! � � � � $ " � ! � � $ � � ! � � # # & �

% � � � " $ � ! � # � � � � � # & � � $ � � # � � � ! E � � # & � !  " " � # � � � � # � � � ! M � �

" � � � " � � � � $ � � # � � � ! '

' � #

T(2,2) =

[
2 1
1 0

]

T(3,3) =




0 0 0 0 1
0 0 0 1 3
0 0 1 3 3
0 1 2 5 6
1 9 6 18 12




T(4,4) & � ! � � % � � 43 ) � ! � � 1 � � # � - � � - $ # � � # # � � � � � $ � � � '

( � � � � � � � � $ � & � � � � # T(5,5) � ! � � # � � 1 � � # � - � � '



� 	 
 � � � � �

� � A 7 ; , ) � � � * � ! # � $ � � � � � � � N ≥ 3 '

� � ' � �  � �  * 0 # � � � $ � � - � � " '


 � � � � # -  � � % $ � # � � � � � N '



� � � � � � (N,3)⇒ � � � � � � (N + 1,3)

� � � " � � � " � � � � $ � � # � � � � � % � � � � � N � ! e* % � � � " $ � ! � - � � ⇒
m(3ε1)(3ε2)(3ε3)

� ! � � � � � � � � " - � � � # � � � � � � $ � � # � � � ! E '

M

[
N+1 0 0

0 N+1 0
0 0 N+1

]
= e1,1,1 M

[
N 0 0
0 N 0
0 0 N

]
−M

[
0 N 1
0 1 N

N+1 0 0

]
−M

[
N 1 0
0 N 1
1 0 N

]
.

m̃

[
0 N 1
0 1 N

N+1 0 0

]
=

e2,0,1 m̃

[
N−1 0 0

1 N 0
0 0 N

]
− e1,0,2 m̃

[
N−1 0 1

1 N 0
0 0 N−1

]
+ e0,0,3 m̃

[
N−1 0 2

1 N 0
0 0 N−2

]
.

3 m̃

[
N 1 0
0 N 1
1 0 N

]
= e2,1,0 m̃

[
N−1 0 0

0 N 0
1 0 N

]
+ 2 e2,0,1 m̃

[
N−1 0 0

0 N 1
1 0 N−1

]
−

e1,1,1 m̃

[
N−1 0 1

0 N 0
1 0 N−1

]
− e1,0,2 m̃

[
N−1 0 1

0 N 1
1 0 N−2

]
+ e0,1,2 m̃

[
N−1 0 2

0 N 0
1 0 N−2

]
.
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