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A. Introduction

Al. The Garsia-Haiman Module H),

Fix an ordering wq,...,w, of the squares of a

Young diagram [u], and let

AL (1, T YLy Yn) =
det (xvl"ow(wj)—ly(':ol(wj)—l). .
2V

1 1

Let H,, be the vector space of polynomials

spanned by all the partial derivatives of

AM<1’1, ceey Ty Y1, - - 7yn)
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Example.
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Figure 1: Labelling of the cells of a partition.
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The n! Theorem

The symmetric group .5,, acts on H,, by

permuting variables.

Theorem [Haiman '01]

For every partition pu,

H, = Q[S5,]

as S,,-modules.

In particular,

dim H,, = n!




A2. The Coinvariant Algebra
of Type A
Denote T := x1,...,Ty.

The symmetric group 5,, acts on Q|[z] by
permuting variables.

Let A[Z]T the subalgebra of symmetric functions

without a constant term ;

IT be the ideal generated by A[Z]T .

Theorem [Chevalley '55]

Q[z]/I; = Q[S,]

as S,,-modules.

Note: Q[z]/I; = H(,) as S, bi-graded modules.




The Descent Basis

The descent set of a permutation w € S, is
Des(m) :={i : m(i) >w(i +1)}.

The descent monomial of m € S, is

aﬂ_ = H (:Uﬂ-<1) o« o x’]‘(‘(z))

i€Des()

n—1

o |Des(m)N{j,...,n—1}]

=[] =) |
J=1

Theorem [Steinberg '75, Garsia-Stanton 84|
The set

{ar : me Sy}

forms a basis for the coinvariant algebra of type

A.




Decomposition into Irreducibles

Let SYT'(\) := the set of all standard Young
tableaux of shape .

v is a descent in a SYT T if 1 4+ 1 lies strictly
above and weakly to the left of 7.

Denote the set of all descents in T by Des(7).

The major index of T is

maj(l) = > i

1€Des(T)

Let m&k) := the multiplicity of the
irreducible S,,-representation S*
in the k-th homogeneous component
of the coinvariant algebra of type A.

Theorem [Lusztig and Stanley *79]

m{" = #{T € SYT()\) : maj(T) = k}.




A3. An Alternative Description
of H,

Consider the inner product ( , ) on

]:Q[xlw"axn?yl?'“ayn]

for any f,g € Q[z, 7],
(f,g) is the constant term of

FOuyseo 0y 0y,s .. 0y )G

Let J, be the S,-module dual to H,,

with respect to ( , ).




B. Garsia-Haiman Modules of Hook
Shape

B1l. An Explicit Description of J,

Theorem. [Aval '00] For p = (k,1"7F)

the ideal J, = H/f is generated by

(i) A[Z]T and Afg]T
(the symmetric functions in z and g without

a constant term),

(ii) the monomials

yil e yin_k+1 (/1’1 < e < in—k—i—l)y

and

(iii) the monomials

LilYi




B2. Bases
The k" Descent Basis

Definition. For every 1 < k <n and 7w € 5,
define

(Des(m) N {4,....k—1}, if1<i<k;
A" (7)== 0, if § = k;

| [Des(m) N{k,...,i—1}|, ifk<i<n.

and the k" descent monomial

o) =

k—1

d\® () - d® (m)
wa(z') 11 Uniy =

1=1 1=k+1

[I @ am@) TI @eorn

1E€Des() 1E€Des(7)
i<k—1 i>k
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Example. n=8, k=4, andmt=8614735 2,
then Des(m) ={1,2,5,7},
(dM (), ..., d" (7)) = (2,1,0,0,0,1,1,2),

4
and agr) = 22Toy6YyrY3.

Theorem. For every 1 < k < n, the set

{a®) 1 e8,}

forms a basis for the Garsia-Haiman module

H/(k;,w—k)'

15t Proof - Straightening.

274 Proof - A special case of an inductive basis.
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The k" Inversion Number

Definition. For every 1 < k£ <n and 7w € 5,
define

invgk)(ﬂ) =
i< j<kand w(i) >7w(j)}, ifl<i<Ek;
0 if 1 = k;

{j : k<j<iand n(j) > (i)}, ifk<i<n.

Example.

Ifn=8 k=4,andnm=8614735 2,
then
(inol (), ..., inol? (7)) = (3,2,0,0,0,2, 1, 4).

12



More kt" Bases

Define the k" Artin monomial

n

(k) (KD
o () v ()
bx H%z) I wecs ™

1=k+1

and the k" Haglund monomial

10

Theorem.

Each of the following sets :

{a® 7 es,y, P res,), {F:res,)

forms an (inductive) basis for the Garsia-Haiman

module H’(k [n—ky-

13



B3. Representations

Descent Representations

(= Zigzags)

Figure 2: The skew shape corresponding to the
composition (3,2,4).

The corresponding S, -representation is called
the (3,2, 4)-zigzag representation
and denoted by Z(3:24)

14



For a composition a = (a1, as,...,a) associate
the set

5_ = {a,17 CL1—|—CL2, a1+a2+&3, . o e ,a/]_—l_a/2—|_' ° 7a’k3—1}'

For any composition a of n, the descent class
{meS, : Des(m)=a}

carries the S,,-zigzag representation Z2.

Constructions:

Solomon 66 (Solomon descent representations)
Kazhdan-Lusztig 79

Stanley '82

Gessel "84

Adin-Brenti-Roichman ’95

15



Decomposition of H 1n—x)
into Descent Representations

Let Hgtl’ltf)k) be the (t1,t2)"" homogeneous

component of Hj, 1n—#)

(bi-graded by total degrees in the x-s and y-s).

Theorem. For every t1,to > 0and 1 <k <n

(t1,t2) (k)
Hy 2 & @ R}

where the sum is over all (n, k)-bipartitions

A= (p,v) with piy1 —p; € {0,1} (Vi),
Viyl1 — V; € {0, 1} (VZ) and

> i =t > (n—i)

1<k and i > g1 1>k and v <Vii1

16
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Decomposition into Irreducibles

For a standard Young tableau 1" define

maji,j(T) = Z r

reDes(T)
1 <r<yg

comaj, ;,(T) := Z (n—r).

re€Des(T)
1<r<j

Theorem [Stembridge '94 + Garsia-Haiman ’96]

The multiplicity of the irreducible

H(t1,t2)

S,,-representation S* in (k. 1nok) is

#{T € SYT(N) : majy (T) = t1, comaj, . (T) = t2

17
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The Inductive Basis

¢ € [n],
A=Aay,...,ax_1} C [n]\ {c},
A= [n]\ (AU {c}).

Let

B, := a basis of the coinvariant algebra of Si_1
acting on Q|Z 4], and

C' i := a basis of the coinvariant algebra of .S,, g
acting on Q|7 5].

19



Finally define
MeAc,A) = H L H Y; € Q[.Cl_t,g]
{icA :i>c} {jcA:j<c}
Then
Theorem. The set

U m(A7C,A) BA CA =
A,c

U{m(A,c,A)bC . be Ba,ce Cy}
A,c

forms a basis for the Garsia-Haiman module

20



The Inductive Basis - Sketch of the Proof
For every triple (A, c, A) define an

(A, ¢, A)-permutation T(Ac A) € On

as in the following example:

n=9k=4,c=5A={1,6,7} then
Tae i) = 761523489,

Example. For n =4 and k£ = 3, the list of
(A, ¢, A)-permutations is
T({34},2,{1y) = 4321, m(zap 1,2y = 4312, ..,

T({12},4,{3}) = 2143, T({12}3,{a}) = 2134

21



For a given n and k, order the distinct

(A, c, fl)—permutations in reverse lexicographic

order.

Example (cont.)

4321 <y, 4312 <5, 4231 <y, 4213

<r, 4132 <, 4123 <, 3241 <, 3214
<1 3142 <, 3124 <, 2143 <, 2134.

Index the permutations and corresponding

monomials by order
m = 4321, my = 4312, w3 = 4231, ...,

m11 — 2143, TN — 712 — 2134.
M1 = T4X3Y1, Mo = T4x3, M3 = T4Y1,

mi1 = y3, my = miz = L.

22



Let

]0 = J(k,ln—k:)

and define
Iy =11 +m:QlZ, Y]

Clearly,

L CLCLC-- Cly=

as vector spaces.

23



Lemma. The set m; - Ba - C 7 1S a basis for
L)1 .

Proof of Lemma (Sketch).
It is shown that if 1 € A then muz; € I;_+

by a combinatorial analysis of four

complementary cases :

Similarly, if 7 € A then muy; € I;_1.

This implies that the natural projection

fo:mQlZ, g — I/1; 1.

is well defined on the quotient

th[Zl_j,g]/

me - [ D (@) + > () + (AT + (A7)

igA JEZA
my - QTal/(A[ZA]T) - Q7al/(Al7a]T)).

and is essentially an isomorphism.

24




Decomposition of H 1n—x)
into Descent Representations
Proof Sketch

Notation.

A pair of partitions A = (u,v) is called an
(n, k)-bipartition if u has at most k£ — 1 parts and
v has at most n — k parts.

Let < be the dominance order on bipartitions:

(pt,vt) <« (p?,0?) if pt < p? and v <02,

For m € S,, and

k—1 n
(k) — di d;
Ar " = wa(i) H Yr(i)
i=1 i=k-+1

oy dn), (dyy dpyn,

be its exponent bipartition.
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For an (n, k)-bipartition A = (u,v) let

]ik)ﬂ =

spanQ{agrk) + Jgan-ry 1 T E Sp, Aal®) a XY,

and

[ik)q =
spang {at) + Jg1n-ny 1 T € Spy A(@F)) a X}

be subspaces of the module H’ Let

(k,1n—k)"

GRS TCEN O8]

Proposition. ng)ﬂ, I}(\k)q and thus Rg\k) are

S,,-invariant.
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Lemma. Let A = (u,v) be an (n, k)-bipartition.
Then

RV # {0}
Vi<i<k-1) p; —pir1 € {0,1} and
Vi<i<n-—k) v;—v;q €{0,1}.
If these conditions hold then

{al®) 4 Iik)q : Des(m) = Ay}

is a basis for Rg\k), where

AA =

{1 <t <no: o — it =1or Un—i —VUn—itl = 1 }
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Let A = (u,v) be an (n, k)-bipartition with
Rg\k) # {0}. Recall

AA =
{1<i<n:p—pigr=1orv, ;—v,_11=1}%.

Theorem.

Rg\k) is isomorphic as an S,,-module

to the Solomon descent representation

determined by the descent class

{r eS8, : Des(m) = Ay}.
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An Explicit Formula for the Action

Theorem. The S,,-action on Rf\k) is given by

Example. Let m = 2416573 € S; and j = 5.
Then:

Des(m) = {2,4,6};
A;(m) = {2417563, 2456173, 2457163, 2467153}
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