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R is a commutative ring and let n,m > 0

Ag(n,m) = R[x;())]withi=1,....m;j=1,....n

The symmetric group on n letters S, acts on Ag(n, m) by means
of o(x;(j)) = Xi(o(f))

Ag(n, m)>n the rings of invariants for this action
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R is a commutative ring and let n,m > 0

® Ag(n,m) = R[x;(j)]withi=1,... m;j=1,....n

* The symmetric group on n letters S, acts on Ag(n, m) by means
of a(xi(/)) = xi(o(/))

® Ag(n, m)Sr the rings of invariants for this action

e it m=1,then Ag(n,1) = R[Xy, Xz, ..., Xn], and R[xy, Xo, . . ., Xn]"
is freely generated by the elementary symmetric functions
e1,...,en given by the equality

n n
14> the = [](1+ tx)
k=1 i=1

t is a commuting independent variable.

ex(Xq,...,Xp) = Z Xi, X, - - X,
I <bp<--<ix<n
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Unless otherwise stated, we now assume that m > 1.
We first obtain generators of the ring Ag(n, m)n

ym] and f = f(y1,..., Ym) € Ag(m)

x1(f), .-, Xm())1<j<n

f(j) € Ag(n,m)V1 <j<n
a(f())) = f(o())), Yo € Sp, j=1,...,n
ex(f) = ex(f(1),f(2),...,f(n)) i.e.
14> the(f) = T (1 + t(i))
k=1 i=1

clearly ex(f) € Ag(n, m)Sr
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Unless otherwise stated, we now assume that m > 1.
We first obtain generators of the ring Ag(n, m)>»

L AFi’(m) = R[Yh---,}’m] and f = f(}/h---a}’m) € AR(m)

o () =1xa0),. -, xm())1 <j<n
. f(/)eAR(n,m)W <j<n
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Unless otherwise stated, we now assume that m > 1.
We first obtain generators of the ring Ag(n, m)>»

L AFi’(m) = R[Yh---,}’m] and f = f(}/h---a}’m) € AR(m)

) = fa(), - xm())1 <j<n
() eAR(n,m)W <j<n

o(f(j)) = f(a(f)), Vo € Sp, j=1,.
ex(f) = ex(f(1),f(2),...,f(n)) i.e.

1+ zn: thex(f) = f[(1 + tf(i))
k=1 i=1

Sn

clearly ex(f) € Ar(n, m)
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* One may think about the y; as diagonal matrices in the following
sense: let M,(Agr(n, m)) be the full ring of n x n matrices with
coefficients in Ag(n, m). Then there is an embedding

pn - Ar(m) — Mp(Ag(n, m))

given by
x(1) 0 ... 0
pn(y)=| 0 x(2) ... 0 |fori=1,....m.
0] 0] R x,-(n)
so that
n n
14> thex(f) H + tpn(f);) = det(1 + tpn(f))

where det(—) is the usual determinant of n x n matrices.
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® Let M, be the set of monomials in Ag(m). For u € M, let 9;(u)
denote the degree of i in y;, forall i =1,..., m. We set

(p) = (01(n); - -, Om())

for its multidegree. The total degree of pis >, 0i(p).

» Let M}, be the set of monomials of positive degree. A monomial
p € M is called primitive if it is not a power of another one. We
denote by M, the set of primitive monomials.
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® Let M, be the set of monomials in Ag(m). For u € M, let 9;(u)
denote the degree of i in y;, forall i =1,..., m. We set

(p) = (01(n); - -, Om())

for its multidegree. The total degree of pis >, 0i(p).

» Let M}, be the set of monomials of positive degree. A monomial
p € M is called primitive if it is not a power of another one. We
denote by M, the set of primitive monomials.

» We define an S, invariant multidegree on Ag(n, m) by setting
Axi(f)) =0(y;)) e N"forall1 <j<nand1<i<m.

» If f € Ag(m) is homogeneous of total degree /, then ex(f) has total
degree Kl (for all k and n).
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Theorem

The ring of multisymmetric functions Ar(n, m)S» is generated by the
ex(), where i € MY, k = 1,...n and the total degree of ex(1) is less
or equal than n(m —1). If n = p® is a power of a prime and R = 7Z or
p- 15 =0, then at least one generator has degree equal to m(n—1).
If R > Q then Ag(n, m)>" is generated by the eq(u), where i € M,
and the degree of 1. is less or equal than n.
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* The action of S, 0on Ag(n,1) = R[xq, X2, ..., Xn] preserves the
usual degree. We denote by /\’,‘q’n the R-submodule of invariants of
degree k.

e Let gn: R[xy,Xo,...,Xn] — R[Xq, X2, ..., Xn_1] be given by x, — 0
and x; — xj,fori=1,...,n—1.

* This map sends A%  to Af_; ; and it is easy to see that
Nf g = N gforalln> k.
» Denote by A the limit of the inverse system obtained in this way.

® The ring Ag := @0 Af, is called the ring of symmetric functions
(over R).
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# It can be shown (Macdonald) that A is a polynomial ring, freely
generated by the (limits of the) ey, that are given by

oo

1+ Z t"ek = H(1 -+ tX,')
k=1

i=1

» Furthermore the kernel of the natural projection 7, : Ag — Ap g is
generated by the e, x, where k > 1.
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In a similar way we build a limit of multisymmetric functions.

* For any a € N" we set Ag(n, m, a) for the linear span of the
monomials of multidegree a. One has

Ag(n,m) = €P Ar(n, m, a)

aeNm

e Let 7, : Ag(n,m) — Ag(n— 1, m) be given by

0 ifj=n
xi(j) ifj<n-—1

for all .

Tn(Xi(/)) = {

® ThenVa e N”

Wn(AR(n, m, a)sn) = AFl'(n - 15 m, a)an
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® Forany a € N™ set
Ag(oo, m, a) = lim Ag(n, m, )"

where the projective limit is taken with respect to n over the
projective system (Ag(n, m, a)S", ).
e Set
Ar(co,m) = @5 Ar(ce,m, a)

aeNm
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» We set, by abuse of notation,
ex(f) = limex(f) € Ag(co, m)

with k € N and f € A(m)™, the augmentation ideal, i.e.

1+ i the(f) := ﬁu + t(j))
k=1 j=1
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® Then e, is a homogeneous polynomial of degree k.
o [ff= ZMGM; Autt, We set

ex(f) =) _ \e,

where o := (o) e pq IS sUch that o, €N, 30 o v+ o < k and
AY = HueM; AOH,
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Theorem

® The ring Ag(oco, m) is a polynomial ring, freely generated by the
(limits of) the ex(u), where u € 9} and k € N.

® The kernel of the natural projection
AR(OO, m) v AH(nv m)Sn
is generated as R-module by the coefficients e, of the elements

enik(f), where k >1 and f € Ag(m)™.
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Theorem
e If R is an infinite field then the kernel of the natural projection is
generated as an ideal by the elements

enik(f), where k > 1 and f € Ag(m)*.

* If R D Q then Ag(co, m) is freely generated by the e{(u), where
u € M, and the kernel of the natural projection is generated as
an ideal by the e, 1(f), where f € Ag(m)™.
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