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Adeles and ideles

Notation

Let k be a number field, O its ring of integers.

A place is an equivalence class of absolute values, called finite (whenever
they are non—archimedean) or infinite (otherwise) Let Py be the set of

places of k.
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Notation

Let k be a number field, O its ring of integers.

A place is an equivalence class of absolute values, called finite (whenever

they are non—archimedean) or infinite (otherwise) Let Py be the set of
places of k.

Let p € Py (either finite or infinite). We've got:
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Notation

Let k be a number field, O its ring of integers.

A place is an equivalence class of absolute values, called finite (whenever
they are non—archimedean) or infinite (otherwise) Let Py be the set of
places of k.

Let p € Py (either finite or infinite). We've got:

a) kp, the completion (which must be R, C or a p—adic one).
b) Op = {a € k; | |a]y < 1}, the ring of integers of k.

c) Up ={a € k; | |alp = 1}, the group of units

J.M. Tornero (Universidad de Sevilla) ideles October 2009 3 /68



Adeles

The ring of adéles of k, noted Ay is

A= {(Oép)pepk | ap € Op for almost all p € Pk}
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Adeles and ideles

Adeles

The ring of adéles of k, noted Ay is

A= {(Oép)pepk | ap € Op for almost all p € Pk}

This is also called the restricted product of the ky w.r.t Op C k.

It is a ring (adding and multiplying componentwise).
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Adeles and ideles

Adeles

The ring of adéles of k, noted Ay is

A= {(Oép)pepk | ap € Op for almost all p € Pk}

This is also called the restricted product of the ky w.r.t Op C k.
It is a ring (adding and multiplying componentwise).

Easy example:

Aq =R x {(ap) | ap € Qp and a, € Z,, for almost all p}.
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Ideles (1)

The ideéles of k, noted Iy, is the unit group of A, (which would usually be
noted A}).

They may also be described as the restricted product of k; w.r.t. U,.
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Adeles and ideles

Ideles (1)

The ideéles of k, noted Iy, is the unit group of A, (which would usually be
noted A}).

They may also be described as the restricted product of k; w.r.t. U,.
k — kp induces a diagonal embedding
K* — |k7

associating a € k* with (a;) which is a at each p-component
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Ideles (1)

The ideéles of k, noted Iy, is the unit group of A, (which would usually be
noted A}).

They may also be described as the restricted product of k; w.r.t. U,.

k — kp induces a diagonal embedding
K* — Ik7

associating a € k* with (a;) which is a at each p-component

Such elements are called principal idéles, they are a subgroup of I, and the

quotient
Cx =l /K™

is called the ideéle class group. Its elements will be noted [a].
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Ideles (I1)

If S C Py is a finite set of places, we call

12 =11k <] U

peS p¢S

the group of S—ideles, which is obviously a subgroup of I.
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Ideles (I1)

If S C Py is a finite set of places, we call

12 =11k <] U

peS p¢S

the group of S—ideles, which is obviously a subgroup of I.

For instance, if Sy, is the set of infinite places
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Ideles (I1)

If S C Py is a finite set of places, we call

12 =11k <] U

peS p¢S

the group of S—ideles, which is obviously a subgroup of I.

For instance, if Sy, is the set of infinite places

|f°°:Hk;>< H Up,

ploo p finite

where the first factors are either R* or C*.
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Ideles and Fld,

Let FId, be the group of fractional ideals of k.
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Ideles and Fld,

Let FId, be the group of fractional ideals of k.

We can define
I, — Fld,

(O‘p) — Hp finitepvp(ap)
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Adeles and ideles

|deles and Fldy

Let FId, be the group of fractional ideals of k.

We can define
I, — Fld,

() — Il finice P (ep)

It is a surjective homomorphism, with kernel If‘x’.
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Ideles and Cly

Therefore we have an isomorphism

I /13° = Fldy.
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Adeles and ideles

Ideles and Cly

Therefore we have an isomorphism

I /13° = Fldy.

In this isomorphism principal idéles correspond to principal fractional
ideals, and viceversa. Hence
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Adeles and ideles

Ideles and Cly

Therefore we have an isomorphism

I /13° = Fldy.

In this isomorphism principal idéles correspond to principal fractional
ideals, and viceversa. Hence

e/ (K15 ) = Cl
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Norm (I)

Let o = (avp) € lx. We define

|(O‘P)‘p = |0‘p|p>
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Norm (I)

Let o = (avp) € lx. We define

|(O‘P)‘p = |0‘p|p>

and, subsequently,

o = ] leplp-
v

p real — |-
We can assume p complex — |- |2

pisoverp — |pl,=1/p
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Norm (I)

Let o = (avp) € lx. We define

|(O‘P)‘p = |0‘p|p>

o = ] leplp-
v

and, subsequently,

p real — |-
We can assume p complex — |- |2
pisoverp — |pl,=1/p

And, because of the product formula,

x€ k' = |x|=1.
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Norm (II)

We have defined then a norm mapping
[ -]+l — R}

which is a surjective group homomorphism (define an “inverse”).
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Norm (II)
We have defined then a norm mapping
[ -]+l — R}
which is a surjective group homomorphism (define an “inverse”).

We call its kernel
0 ={acl||a=1}

which verifies k* C 19.
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Adeles and ideles

Norm (II)

We have defined then a norm mapping
[ -]+l — R}
which is a surjective group homomorphism (define an “inverse”).

We call its kernel
0 ={acl||a=1}
which verifies k* C 19.

Therefore we can consider a norm (induced, and identically noted) on the
idele class group:

| ]:G— R}

whose kernel, noted CE will be of some interest.
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Topological groups

Topological groups are nice!
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(A bit of) Topology of id&les

Topological groups

Topological groups are nice!

They consist of a group endowed with a topology, in such a way that
product and inverse are continuous mappings.
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(A bit of) Topology of id&les

Topological groups

Topological groups are nice!

They consist of a group endowed with a topology, in such a way that
product and inverse are continuous mappings.

Big advantange: 1 is (almost) all that matters for local (and sometimes
global) issues.
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Not really much choice

We want I to be open subsets (subgroups) of I (a good reason in a
while).
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(A bit of) Topology of id&les

Not really much choice

We want I to be open subsets (subgroups) of I (a good reason in a
while).

More specifically, we would like If to be open subgroups whenever
Soo C S. But then
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(A bit of) Topology of id&les

Not really much choice

We want I to be open subsets (subgroups) of I (a good reason in a
while).

More specifically, we would like If to be open subgroups whenever
Soo C S. But then

Theorem.— There exists a unique topology in I, such that, if So.o C S and
S is finite, l;f is open.
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Definition via neighbourhoods of 1

This topology, when defined by basic systems of neighbourhoods, is given

(at 1) by
H W, x H Up

peS pES
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(A bit of) Topology of id&les

Definition via neighbourhoods of 1

This topology, when defined by basic systems of neighbourhoods, is given

(at 1) by
H W, x H Up

peS pES

where W, is a basic system of neighbourhoods of 1 € kp, and S is finite,
S« CS.
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(A bit of) Topology of id&les

Definition via neighbourhoods of 1

This topology, when defined by basic systems of neighbourhoods, is given

(at 1) by
H W, x H Up

peS p¢S
where W, is a basic system of neighbourhoods of 1 € kp, and S is finite,
S« CS.

Equivalently we can take

N(S,e) = {(ap) | laply = 1if p & S, lap— 1]y < cif p € S}
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S—idéles are closed

Let p be a place. Then the projection

Ik = ki

is continuous (it is in If“’, therefore in 1, therefore in ;).
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S—idéles are closed

Let p be a place. Then the projection
Ik = ki
is continuous (it is in If"", therefore in 1, therefore in ;).

Then 71 (U,) is closed.
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S—idéles are closed

Let p be a place. Then the projection
Ik = ki
is continuous (it is in If"", therefore in 1, therefore in ;).

Then 71 (U,) is closed.

And hence so it is
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Locally compactness

Let Sooc C S and consider

=114 =< ]] U

peS pES
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Locally compactness

Let Sooc C S and consider

=114 =< ]] U

pes p¢S

The first factor is a finite product of locally compact spaces, while the
second is a product of compact spaces.
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(A bit of) Topology of id&les

Locally compactness

Let Sooc C S and consider

=114 =< ]] U

pes p¢S

The first factor is a finite product of locally compact spaces, while the
second is a product of compact spaces.

Hence If is locally compact, and so it is I.
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So far, so good

I, is a locally compact topological group.
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So far, so good

I, is a locally compact topological group.

If S is finite, I3 is a closed subgroup.
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So far, so good

I, is a locally compact topological group.
If S is finite, I3 is a closed subgroup.

If Seo C S, lf is an open subgroup.
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A bit more of ideles and Fld,

If"" is open and closed, therefore {1} is open and closed in the quotient
space Ik/lf“’.
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A bit more of ideles and Fld,

If"" is open and closed, therefore {1} is open and closed in the quotient
space Ik/lf“’.

Then Ik/l‘,fc>o must be a discrete space.

J.M. Tornero (Universidad de Sevilla) ideles October 2009 17 / 68



A bit more of ideles and Fld,

If"" is open and closed, therefore {1} is open and closed in the quotient

space Ik/lf“’.
Then Ik/l;fo" must be a discrete space.

So, if we consider the discrete topology on Fld,, we have a

homeomorphism
I /17 =~ Fldy.
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A bit more of norm

Remember that our norm homomorphism

|l — R,

was surjective.
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A bit more of norm

Remember that our norm homomorphism
. *
| - |k — RL
was surjective.

But it is also continuous. It is in If“’, therefore in 1, therefore in I.
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A bit more of norm

Remember that our norm homomorphism
. *
| - |k — RL
was surjective.

But it is also continuous. It is in If“’, therefore in 1, therefore in I.

Its “inverse” is continuous as well, henceforth we have a homeomorphism

Ik /1) ~ R%.
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A bit more of k*

Remember that k* could be viewed as a subgroup of I.

Proposition.— k* is a discrete closed subgroup of I.
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A bit more of k*

Remember that k* could be viewed as a subgroup of I.
Proposition.— k* is a discrete closed subgroup of I.

The proof basically consists of showing that N(Sa,€) N k* = {1}, hence
k* is discrete.
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A bit more of k*

Remember that k* could be viewed as a subgroup of I.
Proposition.— k* is a discrete closed subgroup of I.
The proof basically consists of showing that N(Sa,€) N k* = {1}, hence

k* is discrete.
As a corollary, we have a locally compact topology in Cy.
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A bit more of C?

GQR={lde G|l =1}

Proposition.— C,? is compact.
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A bit more of C?

GQR={lde G|l =1}

Proposition.— C,? is compact.

The proof chooses a big enough p > 0 such that any idéle of such norm is
k*—congruent to another whose components are all of smaller norm (yes,
you can do that).
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A bit more of C?

GQR={lde G|l =1}

Proposition.— C,? is compact.

The proof chooses a big enough p > 0 such that any idéle of such norm is
k*—congruent to another whose components are all of smaller norm (yes,
you can do that).

The set of such ideles is compact, so the original set of idéles with norm p
is also compact (closed subset) and it is homeomorphic to CP.
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Why is important that C? is compact? (I)

Remember we had

e/ (K15 ) = Cl
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Why is important that C? is compact? (1)

Remember we had

e/ (K15 ) = Cl

Then, for an element in Clx we have a class [a] € Cx modulo the
projection of If‘”.
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Why is important that C? is compact? (1)

Remember we had

e/ (K15 ) = Cl

Then, for an element in Clx we have a class [a] € Cx modulo the
projection of If‘”.

This means we can pick an idele v on it in such a way that |a| =1
(adjusting the norm at the infinite places). We have then a map

C) — Cly

which is surjective.
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Why is important that C? is compact? (Il)

As C? is compact, so is Cly (for the discrete topology), hence it must be
finite.
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Why is important that C? is compact? (Il)

As C? is compact, so is Cly (for the discrete topology), hence it must be
finite.

Another corollary is:

Theorem (Dirichlet).— The group Uk has rank r + s — 1 (where r is the
number of real places and s is the number of complex places).
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Why is important that C? is compact? (Il)

As C? is compact, so is Cly (for the discrete topology), hence it must be
finite.

Another corollary is:

Theorem (Dirichlet).— The group Uk has rank r + s — 1 (where r is the
number of real places and s is the number of complex places).

The proof is somehow more involved (lattices and so on).
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A word on open subgroups ()

We will call a finite formal sum

m= ) mp,

pePy
n, =20 almost always
where n, =0,1 if pis real a divisor.
n, =20 if p is complex
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(A bit of) Topology of id&les

A word on open subgroups ()

We will call a finite formal sum

m= ) mp,

pePy
n, =20 almost always
where n, =0,1 if pis real a divisor.
n, =20 if p is complex

Let us write supp(m) = {p | n, # 0}.
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(A bit of) Topology of id&les

A word on open subgroups ()

We will call a finite formal sum

m= ) mp,

pePy
n, =20 almost always
where n, =0,1 if pis real a divisor.
n, =20 if p is complex

Let us write supp(m) = {p | n, # 0}.
Variants: modulus, module, formal product of places, replete divisor,...

Also (in fact, normally) written m = [ p".
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A word on open subgroups (II)

Let us define the following sets:
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A word on open subgroups (II)

Let us define the following sets:

If p € supp(m) and it is non—archimedian, then

Wm(p):{aek; la=1 mod p™} =1+p™.

J.M. Tornero (Universidad de Sevilla) ideles October 2009

24 / 68



A word on open subgroups (II)

Let us define the following sets:

If p € supp(m) and it is non—archimedian, then

Wm(p):{aek; la=1 mod p™} =1+p™.

If p € supp(m) and it is archimedian, then

Wan(p) = R
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Yet another word on open subgroups

Define now the subset:
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Yet another word on open subgroups

Define now the subset:

Iy = II «“x TI W) ]k

pésupp(m) pEsupp(m)
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Yet another word on open subgroups

Define now the subset:

Iy = II «“x TI W) ]k

pésupp(m) pEsupp(m)
ap € ky for all p
That is, («) such that «a; € U, for almost all p

ap € Wi(p) for all p € supp(m)
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A penultimate word on open subgroups

Then we consider the sets

Wi = {(ap) € Im | ap € U, for all p finite, p ¢ supp(m)}
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A penultimate word on open subgroups

Then we consider the sets

Wi = {(ap) € Im | ap € U, for all p finite, p ¢ supp(m)}
In other words:

Wi = 11 kix T Walp) x 11 Up

infinite pé&supp(m) pEsupp(m) finite p¢ supp(m)
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(A bit of) Topology of id&les

A penultimate word on open subgroups

Then we consider the sets

Wi = {(ap) € Im | ap € U, for all p finite, p ¢ supp(m)}

In other words:

Wi = 11 kix T Walp) x 11 Up

infinite pé&supp(m) pEsupp(m) finite p¢ supp(m)
ap € ky for all p infinte
That is, («) such that «a, € U, for all p finite

ap € Wi(p) for all p € supp(m)
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A last word on open subgroups

Wi, is called the congruence subgroup of m.
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A last word on open subgroups

Wi, is called the congruence subgroup of m.
Wi is an open subgroup of .

AND
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A last word on open subgroups

Wi, is called the congruence subgroup of m.
Wi is an open subgroup of .

AND

Every open subgroup of I, must contain some congruence subgroup W,.
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The canonical embedding

Let K|k be a finite extension of number fields. Then we have a canonical
embedding

A, — Ag

(ap) +—— (asp), where asgy = arp, whenever B|p
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The canonical embedding

Let K|k be a finite extension of number fields. Then we have a canonical
embedding

A, — Ag

(ap) +—— (asp), where asgy = arp, whenever B|p

It is, in fact, an injective homomorphism which induces also an embedding
Ik — IK-
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The canonical embedding

Let K|k be a finite extension of number fields. Then we have a canonical
embedding

A, — Ag

(ap) +—— (asp), where asgy = arp, whenever B|p

It is, in fact, an injective homomorphism which induces also an embedding
Ik — IK-

Remark.— If B, P’|p then for all o € Iy, g = aq (criterion for being in

Iy).
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Ideéles and field isomorphisms

Let o : L — K be a field isomorphism, 3 a place in L.
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Field extensions and ideles

Ideéles and field isomorphisms

Let o : L — K be a field isomorphism, 3 a place in L.

It induces an isomorphism (an isometry actually) o : Lp — K.

Idea: Take P—limits to oP—limits.
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Field extensions and ideles

Ideéles and field isomorphisms

Let o : L — K be a field isomorphism, 3 a place in L.

It induces an isomorphism (an isometry actually) o : Lp — K.

Idea: Take P—limits to oP—limits.
As for ideles is concerned « goes to oa, where

Qg € Lgp - (Ua)ggp = O'(Oégp) € Kggp.
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Galois descent for ideles (1)

Let K|k be a Galois extension with Galois group G.
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Galois descent for ideles (1)

Let K|k be a Galois extension with Galois group G.

o € G is an automorphism of K, therefore induces an automorphism
g lK I |K,

making lx a G-module.
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Galois descent for ideles (1)

Let K|k be a Galois extension with Galois group G.

o € G is an automorphism of K, therefore induces an automorphism
g lK I |K,
making lx a G-module.

As usual:
I ={aelk|oa=a, YVoe G}
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Galois descent for ideles (II)

Theorem.— I,(é = ly.
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Galois descent for ideles (II)

Theorem.— I,(é = ly.

|f o= (Qg;p) (S llG(, then Oéo-ip = (UQ)U‘B
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Field extensions and ideles

Galois descent for ideles (II)

Theorem.— I,&; = ly.
If @ = (ag) € 1S, then apq = (0a)og.

Then, if we take o € Gal (Kplkp), o' =B, and then ag € ;.

For an arbitrary o, it takes P into P8’ which also divides p. Then « begin
fixed implies ap = gy, hence o € Iy
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Field extensions and ideles

Norm (revisited)

Take a € Ik, P € Pk (a place in K).

Multiplication by aup is a ky—linear automorphism of Ky, and its
determinant is set to be

Nqu|kp (Oégp‘) € kp.
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Field extensions and ideles

Norm (revisited)

Take a € Ik, P € Pk (a place in K).

Multiplication by aup is a ky—linear automorphism of Ky, and its
determinant is set to be

NK‘Mkp (Oégp‘) € kp.

In fact, these local norms induce a global norm lx — 1.

Let o € Ik, then

Nki(a)p = H Ny 1k, (sp)
Blp
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Field extensions and ideles

Norm (revisited)

Take a € Ik, P € Pk (a place in K).

Multiplication by aup is a ky—linear automorphism of Ky, and its
determinant is set to be

NK(p|kp (Oégp‘) € kp.

In fact, these local norms induce a global norm lx — 1.

Let o € Ik, then
Nki(a)p = H Ny 1k, (sp)
Plp
Proposition.— The set Nk Ik is an open and closed subgroup of l.
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The embedding of the idele class groups

The embedding 1, < Ik takes clearly principal idéles into principal ideles.
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The embedding of the idele class groups

The embedding 1, < Ik takes clearly principal idéles into principal ideles.

Proposition.— If K|k is finite, then Iy < Il induces an injection

Ck — CK.
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Field extensions and ideles

The embedding of the idele class groups

The embedding 1, < Ik takes clearly principal idéles into principal ideles.
Proposition.— If K|k is finite, then Iy < Il induces an injection
Ck — CK.

Mind that injectivity requires proving I, N K* = k*, which is not very
difficult taking L|k a Galois extension such that k C K C L.
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Norm on the idele class group

Remark.— If x € K*, then Nii(x) has the same meaning as idele in I,
and as element of k* (therefore as idele).
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Field extensions and ideles

Norm on the idele class group

Remark.— If x € K*, then Nii(x) has the same meaning as idele in I,
and as element of k* (therefore as idele).

Proposition.— The norm N, induces a norm map

NK\k : CK g Ck.
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Field extensions and ideles

Norm on the idele class group

Remark.— If x € K*, then Nii(x) has the same meaning as idele in I,
and as element of k* (therefore as idele).

Proposition.— The norm N, induces a norm map

NK\k : CK g Ck.

In fact, the set Nk, Ck is an open and closed subgroup of C (easy from
the idele case).

J.M. Tornero (Universidad de Sevilla) ideles October 2009 34 /68



Galois descent for idele class group

Proposition.— Let K|k be Galois, G its Galois group. Then Ck is a
G-module and C¢ = Cy.
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Galois descent for idele class group

Proposition.— Let K|k be Galois, G its Galois group. Then Ck is a
G-module and C¢ = Cy.

We begin with the following exact sequence

1K' —ly — Ck—1

Then take G—fixed elements

1— (K")° —1$ — C¢ — HY(G,K")
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Galois descent for idele class group

Proposition.— Let K|k be Galois, G its Galois group. Then Ck is a
G-module and C¢ = Cy.

We begin with the following exact sequence

1K' —ly — Ck—1

Then take G—fixed elements

1— (K")° —1$ — C¢ — HY(G,K")

And then, by Hilbert—Noether's Theorem 90,

1—>k*—>|k—>CE—>l.

J.M. Tornero (Universidad de Sevilla) ideles October 2009

35 / 68



Field extensions and ideles

Here comes the cohomology!
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Field extensions and ideles

Here comes the cohomology!

End of Part |
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Field extensions and ideles

Here comes the cohomology!
End of Part |

Coffee? Anyone?
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The set—up

Let M be a G-module (think of G a Galois group, M a number field).
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The set—up

Let M be a G-module (think of G a Galois group, M a number field).

Define the G—norm:

Ng(m) = H g(m), me M.
geaG
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The set—up

Let M be a G-module (think of G a Galois group, M a number field).

Define the G—norm:

Ng(m) = H g(m), me M.
geaG

And consider the groups
MC ={me M |g(m)=m, Vg € G}

Ig(M) = (g(m)-m™ | meM, geG)
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The Tate cohomology

We define (actually, Tate did) the Tate cohomology groups as:
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Tate Cohomology

The Tate cohomology

We define (actually, Tate did) the Tate cohomology groups as:

H (G, M) =

J.M. Tornero (Universidad de Sevilla)

H' (G, M)

M€ /Ng(M)
ker(Ng)/lc(M)
Hfrfl(Gv M)

ideles

forr>0
forr=20
forr=-1
for r < —1
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Tate Cohomology

The Tate cohomology

We define (actually, Tate did) the Tate cohomology groups as:

H" (G, M) for r >0
M€ /Ng(M) forr =0
ker(Ng)/lg(M)  for r = —1
H_r_1(G, M) for r < —1

H (G, M) =

It fits together homology and cohomology groups, via the induced
homomorphism

Ng : Hy = M/Ig(M) — M®
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The Tate long sequence

One of the most useful tools related to Tate cohomology is the following:
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The Tate long sequence

One of the most useful tools related to Tate cohomology is the following:

Proposition.— Let
1-M —M-—M =1

be a short exact sequence.
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The Tate long sequence

One of the most useful tools related to Tate cohomology is the following:

Proposition.— Let
1-M —M-—M =1

be a short exact sequence.

There is a long exact sequence
= HEHG, M"Y — Hi (G, M) — Hi (G, M) —

— HH(G,M") — HFYG, M) — ...
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The Herbrand quotient (1)

When G is a cyclic group, we have a special feature.
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The Herbrand quotient (1)

When G is a cyclic group, we have a special feature.

Proposition.— If G is cyclic and finite, then

H-(G, M) ~ HF2(G, M).

J.M. Tornero (Universidad de Sevilla) ideles October 2009 40 / 68



Tate Cohomology

The Herbrand quotient (1)

When G is a cyclic group, we have a special feature.
Proposition.— If G is cyclic and finite, then

H-(G, M) ~ HF2(G, M).

Let 1 = M — M — M"” — 1 be a short exact sequence.
Then the following diagram is exact
H7 (G M) — H7'(G,M) — H7Y(G.M")

7 !
HU(GM") ——  HY(G.M) «—— H(G.M)
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The Herbrand quotient (I1)

When the groups H-(G, M) are finite, we define the Herbrand quotient as

_ #H3(G, M)

h(M) 7ﬁH;1(G, My
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The Herbrand quotient (I1)

When the groups H-(G, M) are finite, we define the Herbrand quotient as

_ #H3(G, M)

h(M) 7ﬁH;1(G, My

From the previous exact rectangle is clear than h(M) = h(M")h(M").
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Tate Cohomology

The Herbrand quotient (I1)

When the groups H-(G, M) are finite, we define the Herbrand quotient as

_ #H3(G, M)

h(M) tiH;l(G, My

From the previous exact rectangle is clear than h(M) = h(M")h(M").
Some remarks:

1) If two of M, M’, M" have Herbrand quotient, so does the third.
2) If M is finite, then h(M) = 1.

3) h(M) is usually much more easy to compute than the actual Tate
groups.

J.M. Tornero (Universidad de Sevilla) ideles October 2009 41 / 68



The Goal

In the previous set up, let us consider K|k a Galois extension with Galois
group G, M = (k.

Here Ng = Nk, as we (quickly) mentioned.
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The Goal

In the previous set up, let us consider K|k a Galois extension with Galois

group G, M = Ck.

Here Ng = Nk, as we (quickly) mentioned.

Moreover,

HO Ci? Ck
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The Goal

In the previous set up, let us consider K|k a Galois extension with Galois

group G, M = Ck.

Here Ng = Nk, as we (quickly) mentioned.

Moreover,
C f(; Ck

HO® = = :
Ne(Ck)  NkkCk

We want to prove
[Ck . NK|kCK] == [K . k]

and, to begin with, we will see

[Cie - Nk Ck| > [K - K]

J.M. Tornero (Universidad de Sevilla) ideles October 2009

42 / 68



Local — global works!

Let S be finite, Sooc C S C Py.

S = {%B € Pk above places in S}
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Local — global works!

Let S be finite, Sooc C S C Py.
S = {%B € Pk above places in S}

Lazy notation: If< = I,S<.
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Local — global works!

Let S be finite, Sooc C S C Py.
S = {%B € Pk above places in S}

Lazy notation: If< = I,S<.

Proposition.— If K|k cyclic, and S contains all ramified primes, for
i=1,2

H (6.15) = Spest (G Ki)
H'(G,1k) = @pH' (Gyp, Kyy)
where Gy is the Galois group of K|k, and Bp.
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First brick

The fact that the global Tate cohomology can be decomposed and
recovered from local pieces has two interesting corollaries.
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The First Inequality

First brick

The fact that the global Tate cohomology can be decomposed and
recovered from local pieces has two interesting corollaries.

Proposition.— Let K|k be a cyclic extension, o € lx. Then a € Nk« Ck if
and only if oy € Ny, |, Ko, for all Blp.
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The First Inequality

First brick

The fact that the global Tate cohomology can be decomposed and
recovered from local pieces has two interesting corollaries.

Proposition.— Let K|k be a cyclic extension, o € lx. Then a € Nk« Ck if
and only if oy € Ny, |, Ko, for all Blp.

Proposition.— If K|k is cyclic, and S contains all ramified primes,
h (G, |i) =1
peS

where np, = [Ky 1 kp].
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Second brick

For S finite, Soo € S C Py, let
KS=KnIy,

the group of S—units.
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Second brick

For S finite, Soo € S C Py, let
KS=KnIy,
the group of S—units.

Proposition.— Assume K]k is cyclic. Then

h (G’ KS) = [Klz K] pH e

€S

where np, = [Ky 1 kp).
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Second brick

For S finite, Soo € S C Py, let
KS=KnIy,
the group of S—units.

Proposition.— Assume K]k is cyclic. Then

h (G’ KS) = [Klz K] pl;[S""’

where np, = [Ky 1 kp).

The proof is based on local considerations, plus some (pretty technical)
work on lattices.
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Statement of the First Inequality

Theorem (First Inequality).— Let K|k be cyclic, with Galois group G.
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Statement of the First Inequality

Theorem (First Inequality).— Let K|k be cyclic, with Galois group G.

Then
H(G, Ck)

h(G,Cx) = m

=[K : k]
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The First Inequality

Statement of the First Inequality

Theorem (First Inequality).— Let K|k be cyclic, with Galois group G.
Then

H°(G, Ck)
h =" =[K:k
(6.6 = fru e ey =K K
In particular,
[Cie s Nk Ck| > [K - K]
ideles
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Proof of the First Inequality

Take, as previously, S C Py a set of places such that

-) S C S.

-) S contains all primes that split in K such that If< -K* =k
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Proof of the First Inequality

Take, as previously, S C Py a set of places such that
-) S C S.

-) S contains all primes that split in K such that If< -K* =k

We have the following exact sequence

1K — Iy — (I -K)/K*~ Cx — 1
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The First Inequality

Proof of the First Inequality

Take, as previously, S C Py a set of places such that
-) S C S.

-) S contains all primes that split in K such that If< - K* =g
We have the following exact sequence

1K — Iy — (I -K)/K*~ Cx — 1
Then

h(G,1%)

h(G, CK):m

=[K : k]
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Corollaries of the First Inequality

A pair of very interesting consequences:
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The First Inequality

Corollaries of the First Inequality

A pair of very interesting consequences:

Corollary 1.— Assume K|k is cyclic of order p”, p prime. Then there are
infinitely many places in Py that do not split.
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The First Inequality

Corollaries of the First Inequality

A pair of very interesting consequences:

Corollary 1.— Assume K|k is cyclic of order p”, p prime. Then there are
infinitely many places in Py that do not split.

Corollary 2.— Assume K|k is finite. If almost all primes of k split
completely in K, then k = K.

J.M. Tornero (Universidad de Sevilla) ideles October 2009 48 / 68



What are we proving (sort of)

Theorem.— Let K|k be a Galois extension with Galois group G. Then:
1) Cx/Nkk Ck is finite, and its order divides [K : k].

2) HY(G,Ck) = 1.

3) H? (G, Ck) is finite, of order at most [K : k].

J.M. Tornero (Universidad de Sevilla) ideles October 2009 49 / 68



What are we proving (sort of)

Theorem.— Let K|k be a Galois extension with Galois group G. Then:

1) Cx/Nkk Ck is finite, and its order divides [K : k].
2) HY(G,Ck) = 1.
3) H? (G, Ck) is finite, of order at most [K : k].

The First Inequality implies that, if G cyclic, all three are equivalent.
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The Second Inequality

What are we proving (sort of)

Theorem.— Let K|k be a Galois extension with Galois group G. Then:
1) Cx/Nkk Ck is finite, and its order divides [K : k].

2) HY(G,Ck) = 1.

3) H? (G, Ck) is finite, of order at most [K : k].

The First Inequality implies that, if G cyclic, all three are equivalent.

Furthermore, in that case, H? (G, Cx) has order [K : k].
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Overview of an analytic proof

There is an analytic proof of this theorem, and it is shorter, but the
techniques involved are rather different, so we will only sketch it.
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The Second Inequality

Overview of an analytic proof

There is an analytic proof of this theorem, and it is shorter, but the
techniques involved are rather different, so we will only sketch it.

Take Kk finite, L|k its Galois closure. Set

S = { primes of k that split completely in K }

The set S has Dirichlet density 1/[L : k] (a special case of Chebotarev).
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Overview of an analytic proof

There is an analytic proof of this theorem, and it is shorter, but the
techniques involved are rather different, so we will only sketch it.

Take Kk finite, L|k its Galois closure. Set

S = { primes of k that split completely in K }

The set S has Dirichlet density 1/[L : k] (a special case of Chebotarev).

Via L—series and Fourier analysis this is related to a set

lm/(PmNL|kJm)

which is an ideal version of Cy/Nk|«Ck, and has the same number of
elements.
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The reduction

The algebraic proof of our theorem relies at first on two very important
reductions:
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The Second Inequality

The reduction

The algebraic proof of our theorem relies at first on two very important
reductions:

1) It is enough to consider the case where K|k is cyclic of prime order

(We move from G to all of its Sylow p—subgroups, and prove that suffices)
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The Second Inequality

The reduction

The algebraic proof of our theorem relies at first on two very important
reductions:
1) It is enough to consider the case where K|k is cyclic of prime order

(We move from G to all of its Sylow p—subgroups, and prove that suffices)

2) It is enough to consider the case where k contains a p-th root of unity.

(If not, we add (, and prove, by diagram chasing, that things do not
change a lot)

J.M. Tornero (Universidad de Sevilla) ideles
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The key case: Set—up

Assume Kk is cyclic of order p and k contains a p-th root of unity (.
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The Second Inequality

The key case: Set—up

Assume Kk is cyclic of order p and k contains a p-th root of unity (.

Let S C P, be a finite set such that:

1) Soo CS.

2) The primes that split in K are also in S.
3) Iy =13 - k*.

J.M. Tornero (Universidad de Sevilla) ideles October 2009 52 / 68



The Second Inequality

The key case: Set—up

Assume Kk is cyclic of order p and k contains a p-th root of unity (.

Let S C P, be a finite set such that:

1) Soo CS.

2) The primes that split in K are also in S.
3) Iy =13 - k*.

And write, k3 = If N k* s=1S.
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The key case: Auxiliary places

We want to construct a subgroup of Cy, of index [K : k| which consists of
norms from Ck.
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The Second Inequality

The key case: Auxiliary places

We want to construct a subgroup of Cy, of index [K : k| which consists of
norms from Ck.

Let us take T C Py, finite, such that TN'S =0, and set

J=T1 &)< I k< I Us

pes peT pgSUT
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The Second Inequality

The key case: Auxiliary places

We want to construct a subgroup of Cy, of index [K : k| which consists of
norms from Ck.

Let us take T C Py, finite, such that TN'S =0, and set

J=T1 &)< I k< I Us
pes peT pESUT
Let us also define A = (K*)P N k°.
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The key case: Three steps

With these notations, we can prove (with some work):

1) K:k({/&).
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The key case: Three steps

With these notations, we can prove (with some work):
1) K = k ({/Z)

2) There exists T such that 7 =s—1 and

A=ker [ k*— ] ki/ (k)"
peT
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The key case: Three steps

With these notations, we can prove (with some work):
1) K =k ().

2) There exists T such that 7 =s—1 and

A=ker [ k*— ] ki/ (k)"
peT
3) For such a T, set C,‘(S’T = (J-K*)/K*. Then
G/ =K K =p,

S, T
and C;”" C Nk Ck.
ideles October 2009 54 / 68



The Second Inequality and the Class Field Axiom

The construction of T finishes the proof of the Second Inequality

[Cie - Nk Ck] < p.
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The Second Inequality

The Second Inequality and the Class Field Axiom

The construction of T finishes the proof of the Second Inequality

[Ci - Nk Ck] < p.
In Neukirch’'s terminology, we have

Theorem (The Global Class Field Axiom).— Let K|k be cyclic. Then

tiH"(G,cK)={ ek i=0

J.M. Tornero (Universidad de Sevilla) ideles October 2009 55 / 68



The Second Inequality

The Second Inequality and the Class Field Axiom

The construction of T finishes the proof of the Second Inequality

[Cie - Nk Ck] < p.

In Neukirch’'s terminology, we have

Theorem (The Global Class Field Axiom).— Let K|k be cyclic. Then

[K:k] i=0

ﬁH’(G7CK):{ 1 i=—1

Remark.— We knew that x as principal idéle is a norm if and only if it is a
norm locally everywhere, but it does not necessarily have to be the norm
of a principal idele if K|k is not cyclic.
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The Second Inequality

Hasse's Norm Theorem

Corollary (Hasse’s Norm Theorem).— Let K|k be a cyclic extension.

Then x € k* is the norm of an element of K* if and only if x is a norm in
every Klkp.
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The Second Inequality

Hasse's Norm Theorem

Corollary (Hasse’s Norm Theorem).— Let K|k be a cyclic extension.

Then x € k* is the norm of an element of K* if and only if x is a norm in
every Klkp.

From
1K' — gy — Ck—1
we get
1=H1(G,Ck) — H°(G,K*) — H°(G, k)
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Hasse's Norm Theorem

Corollary (Hasse’s Norm Theorem).— Let K|k be a cyclic extension.
Then x € k* is the norm of an element of K* if and only if x is a norm in
every Klkp.

From
1K' — gy — Ck—1
we get
1=H (G, Ck) — H°(G,K*) — H°(G, k)
Therefore

H (G, K*) = k*/ Nk K* — H (G, Ix) = @pH® (G, K33)
which is the statement of the theorem, in a sophisticated way.
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Artin Reciprocity Law: The local map

Let K|k be abelian, with Galois group G. Let p € Py, B € Pk such that
Flp.
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Artin Reciprocity Law: The local map

Let K|k be abelian, with Galois group G. Let p € Py, B € Pk such that
Flp.

We recall this set from LCFT

D(P) = {7 € G | % = B) = Gal (Kylky)

The local Artin map is

¢p : ky — D(P) C G.
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Artin Reciprocity Law: Patching local maps

We can fit together local Artin maps by means of the following result.
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We can fit together local Artin maps by means of the following result.
Proposition.— There exists a unique homeomorphism
ok I — Gal <k3b|k>

such that, for all K C k2 finite, and every p € Py, B € Pk with Blp, the
following diagram
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Artin Reciprocity Law: Patching local maps

We can fit together local Artin maps by means of the following result.
Proposition.— There exists a unique homeomorphism
ok I — Gal <k3b|k>

such that, for all K C k2 finite, and every p € Py, B € Pk with Blp, the
following diagram

ki 2 D(P) = Gal (Kylky)
! !
L 2 6

a — oxla)k
commutes.
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Artin Reciprocity Law: How to patch

The definition of ¢, can be seen as follows. Take o € i, and K C K?2P
such that K|k is finite. Then:

1) ¢p (ap) = 1 except for finitely many p (it is 1 when a;, € U, and K|k,
is unramified).
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) ®p (ap) = 1 except for finitely many p (it is 1 when oy, € Up and Kok,
is unramified).

2) The unique choice is then (for a fixed K)

¢K|k H¢p ap

J.M. Tornero (Universidad de Sevilla) ideles October 2009 59 / 68
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Artin Reciprocity Law: How to patch

The definition of ¢, can be seen as follows. Take o € i, and K C K?2P
such that K|k is finite. Then:

) ®p (ap) = 1 except for finitely many p (it is 1 when oy, € Up and Kok,
is unramified).

2) The unique choice is then (for a fixed K)

¢K|k H¢p ap

3) A field extension corresponds to a unique extension of ¢ (because of
the local properties of the Artin maps).
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Artin Reciprocity Law: The statement

Theorem (Artin Reciprocity Law).— The homeomorphism
bk : lx — Gal <k3b|k)

verifies:
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Theorem (Artin Reciprocity Law).— The homeomorphism
bk : lx — Gal <k3b|k)

verifies:

1) or(k™) = 1.
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Artin Reciprocity Law: The statement

Theorem (Artin Reciprocity Law).— The homeomorphism
bk : lx — Gal <k3b|k)
verifies:
1) ¢u(k™) = 1.
2) For all abelian finite extensions K|k, ¢ induces an isomorphism:

¢K|k : |k/(k* . NK|kIK) — Gal (K|k)
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Artin Reciprocity Law: In terms of Cy

Artin Reciprocity Law can be restated in terms of the idéle class group as
follows:
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Artin Reciprocity Law: In terms of Cy

Artin Reciprocity Law can be restated in terms of the idéle class group as
follows:

1) ¢k induces a homomorphism C, — Gal (k?|k)

2) ¢k induces an isomorphism i : Ci/ Ny Cx =~ Gal (K|k)
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Artin Reciprocity Law: Frobenius elements

A brief recall from LCFT. Let us consider K|k.

Take p € Py and ‘B € Pk such that B|p and P is unramified over p.
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Artin Reciprocity Law: Frobenius elements

A brief recall from LCFT. Let us consider K|k.
Take p € Py and ‘B € Pk such that B|p and P is unramified over p.
We have

Gal (Ok /P : Ok/p) ~ Gal (Kp|kp)
and hence D(B) is cyclic

Remember Gal (O /B : Ok/p) is generated by the Frobenius element
X +— x9.
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Artin Reciprocity Law: Frobenius elements

A brief recall from LCFT. Let us consider K|k.
Take p € Py and ‘B € Pk such that B|p and P is unramified over p.
We have
Gal (Ok /B : Ok/p) ~ Gal (K| kp)
and hence D(B) is cyclic
Remember Gal (O /B : Ok/p) is generated by the Frobenius element

X — x9.

The Frobenius element (B, K|k) is the element of D(}3) corresponding to
the Frobenius element.
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Artin Reciprocity Law: Properties of the Frobenius element

The Frobenius element can alternatively be described as the only element
o € G such that:

1) 0B =P.
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J.M. Tornero (Universidad de Sevilla) ideles October 2009 63 / 68



Artin Reciprocity Law: Properties of the Frobenius element

The Frobenius element can alternatively be described as the only element
o € G such that:

1) 0B =P.
2) For all @ € Ok, caa = a9 mod B, where g = §(Ok/p).

Another interesting property is that, as G acts transitively on the set of
primes dividing p,

{(B, Klk) | Blp}
is a conjugacy class in G, noted (p, K|k).

The Frobenius elements (B, K|k), for the primes 8 which do not ramify
generate the Galois group of Klk.
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Artin Reciprocity Law: Proof (1)

To prove Artin Reciprocity Law it suffices proving:
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To prove Artin Reciprocity Law it suffices proving:

Key Theorem.— Let K|k be a finite abelian extension with Galois group
G. Then ¢k i : Ik — G is trivial on the principal ideles.
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Artin Reciprocity Law: Proof (1)

To prove Artin Reciprocity Law it suffices proving:

Key Theorem.— Let K|k be a finite abelian extension with Galois group
G. Then ¢k i : Ik — G is trivial on the principal ideles.

It is the most delicate part of the proof because:

1) The norm subgroup Nl is contained in the kernel of ¢, because
it is locally.
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The BIG results

Artin Reciprocity Law: Proof (1)

2) Once we assume the Key Theorem, we have a homomorphism
/(K™ - Nkilk) — Gal (K|k)
which is surjective because we can explicitly construct an idele « such that

¢K|k(a) is a Frobenius element for an unramified prime, and these
elements generate G.
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2) Once we assume the Key Theorem, we have a homomorphism
/(K™ - Nkilk) — Gal (K|k)
which is surjective because we can explicitly construct an idele « such that

¢K|k(a) is a Frobenius element for an unramified prime, and these
elements generate G.

3) From the Second Inequality

[lk s k* - NK|k|K] < [K : k]
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Artin Reciprocity Law: Proof (1)

2) Once we assume the Key Theorem, we have a homomorphism
/(K™ - Nkilk) — Gal (K|k)
which is surjective because we can explicitly construct an idele « such that

¢K|k(a) is a Frobenius element for an unramified prime, and these
elements generate G.

3) From the Second Inequality

[lk s k* - NK|k|K] < [K : k]

Then 2) and 3) (together with the Key Theorem) prove Artin Reciprocity
Law.
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The BIG results

Artin Reciprocity Law: Strategy for the Key Theorem

We will not go into detail, but the steps to prove the Key Theorem are:

1) Prove that, if it works for K|k, it works for any subextension, and also

for joint extensions (given K’|k, considering K’ - K|K’) (technical, not
difficult).
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We will not go into detail, but the steps to prove the Key Theorem are:

1) Prove that, if it works for K|k, it works for any subextension, and also

for joint extensions (given K’|k, considering K’ - K|K’) (technical, not
difficult).

2) Prove that it suffices to consider cyclic cyclotomic extensions
(complicated).
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The BIG results

Artin Reciprocity Law: Strategy for the Key Theorem

We will not go into detail, but the steps to prove the Key Theorem are:

1) Prove that, if it works for K|k, it works for any subextension, and also

for joint extensions (given K’|k, considering K’ - K|K’) (technical, not
difficult).

2) Prove that it suffices to consider cyclic cyclotomic extensions
(complicated).

3) Check that it is true for cyclotomic extensions (fairly easy).
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The BIG results

The Existence Theorem

We finish our presentation with a outstanding result, based on Artin
Reciprocity Law.

Theorem (Existence Theorem).— Let k be a number field. The finite

abelian extensions K|k are in one—to—one correspondence with the open
subgroups of Cj of finite index

K — Nk« Ck
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abelian extensions K|k are in one—to—one correspondence with the open
subgroups of Cj of finite index
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Thanks to the Reciprocity Law, it suffices to prove that every subgroup of
finite index contains a norm subgroup.
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The BIG results

The Existence Theorem

We finish our presentation with a outstanding result, based on Artin
Reciprocity Law.

Theorem (Existence Theorem).— Let k be a number field. The finite

abelian extensions K|k are in one—to—one correspondence with the open
subgroups of Cj of finite index

K — Nk« Ck

Thanks to the Reciprocity Law, it suffices to prove that every subgroup of
finite index contains a norm subgroup.

Definition.— The field corresponding to an open subgroup N C Cy is
called the class field of N.
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Thanks a lot!
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The BIG results

Thanks a lot!
Any questions?

Well, thanks again, you've been a wonderful audience!
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