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ABSTRACT. The main goal of this talk is to generalize the variational problem of Herglotz
considering the case where the Lagrangian depends not only on the independent variable,
an unknown function x and its derivative, and an unknown functional z, but also on the
end points conditions and a real parameter. Herglotz’s problems of calculus of variations
of this type cannot be solved using the standard theory. Since the variational problem
of Herglotz is a generalization of the classical problem of the calculus of variations, from
our main results a number of important corollaries are obtained. Main results of this talk
are necessary optimality condition of Euler- Lagrange type, natural boundary conditions
and the DuBois-Reymond condition for our non-standard variational problem of Herglotz
type.

INTRODUCTION

In this talk we will extend the variational problem of Herglotz type ([1], [2], [4]), to the
case where the Lagrangian L may depend on the states values z(a) and x(b) and also on a
real parameter (. More specifically, we will study the following non-standard Herglotz type
problem:

Problem (P): Determine z € C?([a, b],R), z € C'([a,b],R) and ¢ € R such that
2(b) — extr

where (z, z, () is such that

(1) 2(t) = L(t,x(t), &(t), 2(t), x(a), x(b),C) , ¢t € [a,b],
and
(2) z(a) =,

for a given v € R, and L satisfies the following conditions:
(1) (uo,u1,uz, us, uq, us) — L(t,ug, ur, us, u3, ug, us) is a C* function for any t € [a, b];
(2) functions t — ;L (t,x (t),% (t),z(t),z(a),z(b),(), are differentiable for all i =
2,...,7 and for all admissible triplet (z, z, ().

The following result provides necessary conditions for an admissible triplet (x, z, () to be
a local extremizer of z(b), where (z, z, () satisfies (1) and (2).
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Theorem 0.1. [3] If (z, 2, () is a solution of the non-standard Herglotz’s variational problem
(P), then (x,z,() satisfies the generalized Euler-Lagrange equation

(3) oL [z, 2] () + 0L [, 2, C] (1) - 5L [z, 2, ] (£) — %agL @, 2,C (1) =0, t€lab),

and the condition

b
(4) / A(t) - 07 L [z, 2,¢] (t)dt = 0,
where
(5) A(t) = e~ Ji aLle.zCl(s)ds
Moreover,

(1) if x (a) is undetermined, then (z,z,() satisfies the following condition

1 b
(6) oL lr. 2.0 (@) = 3o / A(t) - OsL [z 2. (t) d;

(2) if z (b) is undetermined, then (x,z,() satisfies the following condition

b
(7) 0sLle. 2.1 (0) = —575 [ AW Ll 0

Remark 0.2. Observe that:

(1) from Theorem 0.1 we can deduce as corollaries some well known results from the
classical calculus of variations and from the standard Herglotz’s variational calculus;

(2) the two non-standard natural boundary conditions of Theorem 0.1 clearly shows
that the standard and non-standard Herglotz’s variational problems are of a different
nature;

(3) in the basic problem of the classical calculus of variations, the Lagrangian L does
not depend on z(a), (b), z and (. In this case, (6) and (7) reduce to the well known
natural boundary conditions: 93L(a,z(a),%(a)) = 0 and 93L(b, z(b), (b)) = 0.

Theorem 0.3. (3] If (z, 2, () is a solution of problem (P), then (x, z, () satisfies the equation

® SO (L0 -0 asLin=d0))] = M0 0Lz 0),

for all t € [a,b].
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