CALCULUS OF VARIATIONS WITH FRACTIONAL DERIVATIVES
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ABSTRACT. A Calculus of Variations can be formulated to include derivatives of fractional
(non-integer) order. Lagrangians with fractional derivatives lead directly to equations of
motion with nonconservative forces, such as friction, circumventing Bauer’s corollary that
“The equations of motion of a dissipative linear dynamical system with constant coefficients
are not given by a variational principle.” We continue the development of the fractional-
derivative calculus of variations, providing a new Lagrangian for which the respective
Fuler-Lagrange equations coincide with the equations of motion of a dissipative system.

Fractional differentiation means “differentiation of arbitrary order”. Its origin goes back
more than 300 years, when in 1695 L’Hopital asked Leibniz the meaning of % for n = %
After that, many famous mathematicians, like Fourier, Abel, Liouville, and Riemann, among
others, contributed to the development of Fractional Calculus [11].

In 1931, Bauer proved that it is impossible to use a variational principle to derive a single
linear dissipative equation of motion with constant coefficients [4]. Bauer’s result expresses
the well-known belief that there is no direct method of applying variational principles to
nonconservative systems, which are characterized by friction or other dissipative processes.
It turns out that fractional derivatives provide an elegant solution to the problem. Indeed,
the proof of Bauer’s theorem relies on the tacit assumption that all derivatives are of integer
order. If a Lagrangian is constructed using fractional derivatives, then the resulting equation
of motion can be nonconservative. This was first proved by Riewe in 1996/97 [9, 10], giving
rise to the beginning of the Fractional Calculus of Variations (FCV). For those interested
on the FCV we refer to the books [1, 2, 6, 7| and the survey papers |3, 8|.

In 2015, Caputo and Torres introduced a duality theory between the left and right frac-
tional operators [5]. Roughly speaking, they have shown that the right fractional operators of
a function are the dual of the left operators of the dual function or, equivalently, the left frac-
tional derivative/integral of a function is the dual of the right fractional derivative/integral
of the dual function. Here we use such duality theory to provide a new perspective to the
FCV and obtain a new Lagrangian for which the respective Euler—Lagrange equations coin-
cide with the equations of motion of a dissipative system. In contrast with the example of
Riewe, and others available in the literature, our quadratic Lagrangian for the linear friction
problem is a a real valued Lagrangian involving let-hand side fractional derivatives only.
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