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Abstract

In this paper we demonstrate that the result by Zelikovskij concerning Königs prob-
lem for abelian permutation groups, reported in a recent survey, is false. We propose
in this place two results on 2-closed abelian permutation groups which concern the
same topic in a more general setting.
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In 1936, König [10] posed the following question: “When can a given
abstract group be interpreted as the automorphism group of a graph?”. This
question was quickly answered by Frucht in 1938 [4], who proved that every
abstract group is isomorphic to the automorphism group of a graph. The
next natural question in this direction was which permutation groups were
(identical with) the automorphishm groups of graphs. This question is known
as the concrete version of König’s problem (see. [14,1,13]).

This second question turned out to be much harder. There exist per-
mutation groups that are not the automorphism groups of any graph. For
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example, the alternating groups or the groups Cn generated by a cyclic per-
mutation of order n are not such groups, while the symmetric group Sn is the
automorphism group of the complete graph, and the dihedral group Dn is the
automorphism group of the graph being the cycle on n vertices.

So far, the concrete version of König’s problem has been solved for the
class of regular permutation groups. This special class has been studied
within the so called Graphical Regular Representation problem. A number
of partial results has been concluded by Godsil in 1978 with the full charac-
terization presented in [5]. L. Babai [2] has applied this result to obtain a
similar characterization of those regular permutation groups that happen to
be the automorphism groups of directed graphs.

Another class of permutation groups which seemed relatively easy from
the point of view of the problem in question are cylic permutation groups,
that is, those generated by a single permutation. In [6], Grech corrected and
completed earlier results in [11,12] on the cyclic permutation groups whose
order is a power of a prime. In [7], we have extended the result to the cyclic
permutation groups of an arbitrary order. More about other detailed results
and related research the reader may find in surveys [9,13].

In studying the concrete version of König’s problem it turns out that the
corresponding results for edge-colored graphs have usually simpler and more
natural formulation than their counterparts for simple graphs. This has been
realized already in H. Wielandt in [14], where the permutation groups that are
automorphism groups of colored graphs and digraphs were called 2∗-closed and
2-closed, respectively. (The definitions in [14] are in terms of the invariance
groups of systems of binary relations. We note also that, e.g. in [3], the latter
term is reserved for the first defined class, but we follow here Wielandt’s
original terminology). For example, the main result in [7] states that a cyclic
permutation group A is 2∗-closed if and only if for every orbit O of A with
cardinality |O| > 2 there exist another orbit O′ of A such that gcd(|O|, |O′|) >
2. The analogous characterization for the cyclic permutation groups that are
automorphism groups of simple graphs is much more complicated with many
technical details.

The most advanced result in the area is described in [13]: “In 1989, a paper
by Zelikovskij [15] appeared in Russian. We are unaware of a translation, so
can only report the main result as stated in the English summary: that for
every finite abelian permutation group G whose order is relatively prime to
30, the paper provides necessary and sufficient conditions for the existence of
a simple graph whose automorphism group is isomorphic to G.”

The aim of this paper is to report the results contained in [15] and demon-



strate that they are, unfortunately, wrong. We also report our own results on
2-closed abelian permutation groups.

1 Zelikovskij results

Let A be an abelian permutation group, whose orbits are Xi, i = 1, . . . , n. By
Ai we denote the restriction of A to the orbit Xi (the constituent of A on Xi),
by Aj

i we denote the pointwise stabilizer of Xj restricted to the orbit Xi, and
by Bi we denote the pointwise stabilizer of the set X \Xi restricted to Xi.

It is not difficult to prove that if A is the automorphism group of a graph
then

⋂n
j=1,j 6=iA

j
i = Bi, for each i = 1, . . . , n. Also, if |Xi| > 1, then Ai 6= Bi,

which follows from a result in Imrich [8]. Zelikovskij claims that these two
conditions are sufficient for an abelian group A to be the automorphism group
of a graph, provided the order of A is not divisible by 2, 3 or 5.

Theorem 1.1 (Zelikovskij [15]) Let A be an abelian group, whose order is
not divisible by 2, 3, 5. Then, A is the automorphism group of a graph if and
only if for each nontrivial orbit Xi of A the following conditions hold:

(i)
⋂n

j=1,j 6=iA
j
i = Bi,

(ii) Ai 6= Bi.

The proof is based on a lemma that utilizes the following notion of “clo-
sure”, which we call 2-orbit-closure. Let G be a permutation group, whose
orbits are Xi, i = 1, . . . , n. A permutation σ that preserves each orbit Xi is
called 2-orbit-compatible with G, if for each pair of orbits Xi and Xj, i 6= j,
the restriction of σ to Xi ∪Xj belongs to the restriction of G to Xi ∪Xj. The
group G is 2-orbit-closed if every permutation that is 2-orbit-compatibile with
G belongs to G. (The definition in [15] is given in different terms, but the
equivalence of both the definitions is straightforward.) One may check, that
2-closure implies 2-orbit-closure.

Lemma 1.2 (Zelikovskij [15]) If an abelian group A satisfies the condition
(i) of Theorem 1.1, then A is 2-orbit-closed.

The proof of this lemma in [15] (as well as the proof in the author’s PhD
thesis) contains a gap. Rather then reproducing the proof here and pointing
out the gap, we construct an example showing that both the lemma and the
theorem are false.

Let X be the union of sets Xi = {xi0, xi1, . . . , xi6}, i = 1, 2, . . . , 6. Let A be
a permutation group on X consisting of all permutations σ of the following
form (for each k = 0, . . . , 6):



σ(x1k) = x1k+r, σ(x2k) = x2k+s, σ(x3k) = x3k+t,

σ(x4k) = x4k+r, σ(x5k) = x5k+s, σ(x6k) = x6k+t,

where r + s + t ≡ 0 (mod 7), and all the indices are taken modulo 7. This
set of permutations is clearly closed on composition, and therefore it forms a
permutation group of order 49.

Note that X1, . . . , X6 are orbits of A, and each permutation in A acts in a
parallel way on orbits X1 and X4, X2 and X5, and X3 and X6, respectively. In
particular, the action of A on X1∪X2∪X3 determines uniquely the (parallel)
action of A on X4 ∪X5 ∪X6. It is also easily seen that A is abelian.

Now, clearly, Ai is the cyclic group generated by the cyclic permutation
(xi0, x

i
1, . . . , x

i
6). For i = 1, 2, 3, Ai+3

i and Ai
i+3 are all trivial (i.e., consisting of

the identity only), andAj
i = Ai, otherwise. AlsoBi is trivial for all i = 1, . . . , 6.

It follows that both conditions (i) and (ii) of Theorem 1.1 are satisfied.

We show that A is not the automorphism group for any graph. (or any
edge-colored graph). Suppose that there is an (edge-colored) graph Γ on the
set X of vertices such that the automorphism group Aut(Γ) = A. We have
in A a permutation σ satisfying (for all k) σ(x1k) = x1k (identity action) and
σ(x2k) = x2k+r (for arbitrary r). If σ ∈ Aut(Γ), then all edges from x10 to X2

in Γ are of the same color. A converse argument, for x20 and X1, leads to the
conclusion that all edges between X1 and X2 are of the same color. Similarly,
all edges between Xi and Xj are of the same color for any i 6= j in {1, 2, 3}.
This means, that with no regard to remaining edges, if permutations σi on
Xi preserve the edges in Xi, respectively, then the permutation σ1σ2σ3τ1τ2τ3
is the automorphism of Γ for some suitable permutations τ1, τ2, τ3 on the or-
bits X4, X5, X6, respectively. This shows that Aut(Γ) 6= A, a contradiction.
(Similar argument works for digraphs).

We show that A is not 2-orbit-closed, neither. Let Ai,j denote the re-
striction of A to Xi ∪ Xj. We note that Ai,i+3, for i = 1, 2, 3, is the group
generated by the permutation (xi0, x

i
1, . . . , x

i
6)(x

j
0, x

j
1, . . . , x

j
6), which is the so

called parallel product of two cyclic groups. Otherwise, Ai,j is the group
generated by two permutations (xi0, x

i
1, . . . , x

i
6) and (xj0, x

j
1, . . . , x

j
6), which is

the direct sum of two cyclic groups. It follows that the permutation δ =
(xi0, x

i
1, . . . , x

i
6)(x

j
0, x

j
1, . . . , x

j
6) is 2-orbit-compatible with A, and since δ /∈ A,

A is not 2-orbit-closed, as claimed. Thus we have proved

Lemma 1.3 Let A be the permutation group described above. Then A is
abelian and satisfies the conditions (i) and (ii) of Theorem 1.1. Yet, A is not
2-orbit-closed, neither 2-closed, nor 2∗-closed, and in particular, it is not the
automorphism group of any graph.



This specific example may be generalized in many ways, showing that both
Theorem 1.1 and Lemma 1.2 are false. Our research in the area leads to the
following results.

2 Our results

For a permutation group A, whose orbits are Xi, i = 1, . . . , n, we define the
graph G(A) whose vertices are orbits of A, and two orbits Xi and Xj are
adjacent if and only if the factor groups Ai/A

j
i and Aj/A

i
j are not abstractly

isomorphic to Zn
2 for any n ≥ 0. (One may prove that these factor groups are

in fact isomorphic, so the condition may be restricted to one of them).

Theorem 2.1 Let A be an abelian 2-orbit-closed permutation group. Then A
is 2∗-closed if and only if every isolated orbit O in G(A) has the cardinality
2n for some n ≥ 0 and the restriction of A to O is permutation isomorphic to
the regular action of Zn

2 .

In addition we can prove that if A is 2∗-closed, then A is the automorphism
group of the complete graph whose edges are colored with not more than 4
colors. For 2-closed groups we have the following characterization.

Theorem 2.2 An abelian permutation group A is 2-closed if and only if it is
2-orbit-closed. In such a case there exist an edge-colored complete digraph Γ
whose edges are colored with not more than 4 colors such that A = Aut(Γ).

The number 4 in the theorem is sharp. We have examples of edge-colored
graphs and digraphs with abelian automorphism groups that cannot be inter-
preted as the automorphism group of a complete (di)graph whose edges are
colored with less than 4 colors. We have also results on the abelian permu-
tation groups represented by the automorphism groups of simple graphs and
digraphs, but they involve many more technical details. Finally, it is worth to
notice that there are non-abelian permutation groups that are 2-orbit-closed
but not 2-closed.
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