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Abstract

We present novel production matrices for non-crossing partitions, connected geomet-
ric graphs, and k-angulations, which provide another way of counting the number
of such objects. For instance, a formula for the number of connected geometric
graphs with given root degree, drawn on a set of n points in convex position in the
plane, is presented. Further, we find the characteristic polynomials and we provide
a characterization of the eigenvectors of the production matrices.
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1 Introduction

A geometric graph on a set of points S is a graph with vertex set S whose
edges are straight-line segments with endpoints in S. It is called non-crossing
if no two edges intersect except at common endpoints. We focus on non-
crossing geometric graphs on sets S of n points in convex position. Numerous
geometric graph classes exist, such as triangulations, connected graphs, or
spanning trees. A fundamental problem is to determine the number of graphs,
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for each class, as a function of n. Formulae were obtained for instance in [5].
Recently, in [6,7,8], we showed how such geometric graphs can be counted by
using an n× n matrix An, called production matrix, associated to each graph
class. The number of these graphs for a fixed number of vertices is given by (a
column of) a power of An. To derive a production matrix for a certain class,
first the graphs on i ≤ n vertices are partitioned according to the degree of
a specified root vertex (several definitions of degree are possible). Then each
part is counted in the elements of an n-element vector vi, and hence the sum
of the vector elements gives the number of geometric graphs for i vertices.
A production matrix An is a matrix satisfying vi+1 = Anv

i. Furthermore,
an initial vector vc containing the count for a constant number of vertices
(often (1, 0, . . . , 0)>) is used, implying that vi+1 = Ai+1−c

n vc. The method
above to define An based on a vertex degree, implicitly arranges graphs into
a tree structure known as generating tree. In such a tree, for each graph on i
vertices and root degree j, the number of descendants on i + 1 vertices with
root degree ` (for each `) is known. Generating trees have been studied in
several contexts, most notably for the ECO method [1], and for obtaining
matrix representations of diverse combinatorial objects [2,10].

Figure 1 shows production matrices for several graph classes, for n = 6. We
omit the general formula for the matrix entries. Matrix (a), see e.g. [2,10], is
used to count Catalan structures like triangulations or non-crossing partitions.
We generalize matrix (a) to k-angulations, see matrices (e), (f). Matrix (e)
is also a production matrix for spanning trees [6]. Instead of defining the
degree of the root vertex pn as the number of its incident edges, we also
define it as the number of vertices visible from a new vertex inserted between
p1 and pn; two vertices are visible if the line segment connecting them does
not intersect the interior of any edge of the graph. Matrices (b), (c), (d)
are obtained using this definition. We point out that matrix (b) provides
an alternative production matrix for Catalan structures and matrix (c) is a
different matrix for geometric graphs, see [6]. For matrix (c) we use initial
vector (2, 0, . . . , 0)>. As for matrix (d), this is the first time that a production
matrix for connected geometric graphs is derived, to the best of our knowledge.
In addition to devising production matrices we deduce formulae for the vectors
counting graphs of a given degree. For matrix (b), the vector that counts
non-crossing partitions also counts special Dyck paths; compare with Table 2
in [3]. We then go on to study properties that have combinatorial implications.
Among others, we obtain the characteristic polynomials of the matrices, and a
characterization of the eigenvectors. Due to space constraints, we only sketch
our results for k-angulations and connected geometric graphs.



(e) Quadrangulations


1 1 1 1 1 1
1 1 1 1 1 1
0 1 1 1 1 1
0 0 1 1 1 1
0 0 0 1 1 1
0 0 0 0 1 1


(a) Triangulations
0 1 2 4 8 16
1 0 1 2 4 8
0 1 0 1 2 4
0 0 1 0 1 2
0 0 0 1 0 1
0 0 0 0 1 0


(b) Non-crossing partitions


3 7 15 31 63 127
1 3 7 15 31 63
0 1 3 7 15 31
0 0 1 3 7 15
0 0 0 1 3 7
0 0 0 0 1 3


(d) Connected graphs
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(c) Geometric graphs

(f) k-angulations


2 4 8 16 32 64
2 2 4 8 16 32
0 2 2 4 8 16
0 0 2 2 4 8
0 0 0 2 2 4
0 0 0 0 2 2




2 3 4 5 6 7
1 2 3 4 5 6
0 1 2 3 4 5
0 0 1 2 3 4
0 0 0 1 2 3
0 0 0 0 1 2



Fig. 1. Production matrices for different graph classes, for n = 6.

2 Counting k-angulations

A k-angulation is a 2-connected plane graph in which every internal face is
a k-gon. For 3-gons we fall into the well-known case of triangulations. The
number of triangulations of a set of n + 2 points in convex position is the
Catalan number Cn =

(
2n
n

)
1

n+1
. In general, the number of k-angulations with

p k-gons is given by 1
(k−2)p+1

(
(k−1)p

p

)
. The way of calculating the entries of the

production matrices is similar to the mapping used by Hurtado and Noy [9] for
triangulations. We use as degree of the root vertex, the number of its incident
edges. And the vector vp counts k-angulations with p k-gons. Once we have
the p× p production matrix of k-angulations Kp we apply the methods of [10]
to get a formula for the number vp

j of k-angulations with p k-gons and with
root vertex of degree j + 1, given by the j-th entry of vp.

Theorem 2.1 Let vp be the vector that counts the number of k-angulations
with p k-gons and n = 2 + (k − 2)p vertices. The j-th entry of vp, for
j = 1, . . . , p is:

vpj =
j

p

(
(k − 1)p− j − 1

p− j

)

To prove the theorem, we use techniques and notation from [10]. We
have that the A-sequence of Kp is {1,

(
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k−3

)
,
(
k−1
k−3

)
,
(

k
k−3

)
, . . .} with generating



function A(t) = 1
(1−t)k−2 , so it follows (with a shift of indices) that:

vp+1
j+1 =

j + 1

p+ 1
[tp−j]A(t)p+1 =

j + 1

p+ 1
[tp−j]

∞∑
`=0

(
(k − 2)(p+ 1) + `− 1

`

)
t` =

=
j + 1

p+ 1

(
(k − 2)(p+ 1) + p− j − 1

p− j

)
For k = 3, a formula for the characteristic polynomial can be found in [4].

In this work, we generalize this result to all values of k.

Theorem 2.2 The characteristic polynomial kp(λ) of the p × p production
matrix of k-angulations satisfies the recurrence relation

kp(λ) =

((
k − 2

k − 3

)
− λ
)
kp−1(λ) +

p∑
i=2

(−1)i+1

(
k + i− 3

k − 3

)
kp−i(λ)

and the solution to the recurrence relation with initial value k0(λ) = 1 is

kp(λ) =

p∑
`=0

(−1)`
(

(k − 2)(`+ 1)

p− `

)
λ`

Theorem 2.3 provides a characterization of the eigenvectors of Kp: its
entries are given by the characteristic polynomials of smaller production ma-
trices, evaluated at an eigenvalue.

Theorem 2.3 Let x = (xp−1, . . . , x0)
> be an eigenvector for an eigenvalue λ

of the p× p production matrix of k-angulations. Then, for i = 1, . . . , p− 1,

xi = (−1)iki(λ)x0

Other properties relating the characteristic polynomials and the vector of
k-angulations have been obtained. In this abstract we only state one for k = 4:

Theorem 2.4 Let Qi be the i × i production matrix for quadrangulations,
qi its characteristic polynomial, λ an eigenvalue of Qp, and vp the vector of
quadrangulations with p 4-gons. Then

p∑
i=1

vp+1
i qi−1(λ)(−1)i+1 = λp
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Fig. 2. The descendents of a graph in the generating tree of connected graphs. The
graph has (visibility) degree 3, and it has 1 descendent of degree 4, 3 of degree 3,
and 7 of degree 2.

3 Counting connected graphs

Given a set of points in convex position {s1, . . . , sn} numbered counter - clock-
wise, we define the tree of connected graphs by using the following mapping
between Cn and Cn+1, where Cj is the set of connected graphs on j points. For
a connected graph on n points in convex position, let F (sn+1) be the ordered
sequence of vertices visible from the point sn+1, which is inserted between s1
and sn. Then we obtain a connected graph by connecting sn+1 to all its visible
vertices from si to sj where si, sj ∈ F (sn+1) for each i ≤ j, and possibly remov-
ing the edges whose endpoints are between si and sj in F (sn+1), maintaining
connectivity. Figure 2 shows an example. Observe that each connected graph
is generated exactly once. And these rules result into matrix (d) of Fig.1.

We point out that for connected graphs on n vertices, the degree of the
root vertex sn is defined as the number of vertices visible from sn+1.

We have obtained analogous theorems as for k-angulations, see Fig. 3. The
proofs are similar to the ones for k-angulations: applying results on Riordan
arrays and induction.
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Fig. 3. Results obtained for connected graphs, where n is the number of vertices,
and k the degree of the root, defined and based on visibility.
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