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Abstract

We investigate the average range of 1-Lipschitz mappings (graph-indexed random
walks) of a given connected graph. This parameter originated in statistical physics,
it is connected to the study of random graph homomorphisms and generalizes stan-
dard random walks on Z.

Our first goal is to prove a closed-form formula for this parameter for cycle graphs.
The second one is to prove two conjectures, the first by Benjamini, Häggström and
Mossel and the second by Loebl, Nešetřil and Reed, for unicyclic graphs. This
extends a result of Wu, Xu, and Zhu [5] who proved the aforementioned conjectures
for trees.
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1 Introduction

We work with connected undirected graphs without loops and multiple edges.
We call a graph unicyclic if it contains exactly one cycle and we call a graph
pseudotree if it is a tree or a unicyclic graph. Equivalently, pseudotrees are
graphs with at most one cycle.

Definition 1.1 A 1-Lipschitz mapping of a connected graph G = (V,E) with
a root v0 ∈ V is a mapping f : V → Z such that f(v0) = 0 and for every
edge uv ∈ E holds that |f(u)− f(v)| ≤ 1. A strong 1-Lipschitz mapping is a
1-Lipschitz mapping where |f(u)− f(v)| = 1 for every edge uv ∈ E.

The set of all 1-Lipschitz mappings of a graph G is denoted by L(G).

Definition 1.2 The average range of 1-Lipschitz mappings of a graph G is
defined as r(G) := (

∑

f∈L(G) rG(f))/|L(G)|, where the range rG(f) of a 1-

Lipschitz mapping f of G is the size of the image of f . We write r±(G) if we
take the average of strong 1-Lipschitz mappings only.

Two fundamental conjectures on the average range of (strong) 1-Lipschitz
mappings say that paths Pn are extremal (maximal) with regards to this
parameter among all connected n-vertex graphs. The first one is by Benjamini,
Häggström and Mossel and the second is by Loebl, Nešetřil and Reed.

Conjecture 1.3 [1] (Benjamini-Häggström-Mossel) For any connected bipar-
tite graph G of order n, r±(G) ≤ r±(Pn) holds.

Conjecture 1.4 [3] (Loebl-Nešetřil-Reed) For any connected graph G of or-
der n, r(G) ≤ r(Pn) holds.

In 2016, Wu, Xu, and Zhu proved that LNR and BHM conjectures hold if
they are restricted to trees.

Theorem 1.5 [5] For any tree Tn on n vertices holds that r(Tn) ≤ r(Pn) and
r±(Tn) ≤ r±(Pn).

Our results. Our main results are formula for cycles (Theorem 2.3) and a
proof of LNR and BHM conjecture for unicyclic graphs (Theorem 3.4 and 3.5).
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2 Formula for cycles

We will prove a formula for the average range of cycle graphs Cn (Theorem
2.3). To this end, we use lattice path enumeration, Motzkin paths, and trino-
mial coefficients. Before we state the main theorem of this section, we define
the last two mentioned concepts.

2.1 Trinomial coefficients and Motzkin numbers

The trinomial coefficients are similar to the binomial coefficients and Pascal
triangle. One can similarly define trinomial coefficients in a recursive way.

Definition 2.1 Trinomial numbers (coefficients), denoted
(

n
k

)

2
, with n, k ∈

Z, are defined as
(

0
0

)

2
:= 1, and

(

n+ 1

k

)

2

:=

(

n

k − 1

)

2

+
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k
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2

+

(
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k + 1

)

2

for n ≥ 0,

where
(

n
k

)

2
:= 0 for k < −n and k > n.

Central trinomial coefficients are the numbers
(

n
0

)

2
, where n ∈ N0. The

sequence for central trinomial coefficients in OEIS is A123456.

For the proof of the formula for r(Cn) we need to define the generalized
Motzkin numbers and paths. We will further write only Motzkin numbers and
Motzkin paths. For more details, we refer to the seminal paper [2].

Definition 2.2 Consider a lattice path, beginning at (0, 0), ending at (n, k)
and satisfying that y-coordinate of every point is non-negative. Furthermore,
every two consecutive steps (i, a) and (i+ 1, b) must satisfy |a− b| ≤ 1. Such
lattice paths are called Motzkin paths. The set of all Motzkin paths ending
in (n, k) is denoted by m(n, k) and the cardinality of this set is denoted by
M(n, k). We call numbers M(n, k) the Motzkin numbers.

2.2 Statement of the main theorem and lemmata

We can finally state the main theorem.

Theorem 2.3 For any Cn, n ≥ 3, we have r(Cn) = (3n + (−1)n)/(2 ·
(

n
0

)

2
).

Let us prove a formula for |L(Cn)| first.

Theorem 2.4 For any Cn, n ≥ 3, |L(Cn)| =
(

n
0

)

2
.

This theorem is a simple corollary of the following observation.



Observation 1 There is a bijection between 1-Lipschitz mappings of Cn and
the set of lattice paths starting at (0, 0), ending at (n, 0), and satisfying that
for every two consecutive steps (i, a) and (i+ 1, b), |a− b| ≤ 1.

We denote by L(Cn,−d) the set of 1-Lipschitz mappings f of Cn satisfying
minv∈V (Cn) f(v) = −d. In other words, L(Cn,−d) denotes the set of all 1-
Lipschitz mappings of Cn with −d as the minimum value of their images.

We need to show a bijection between L(Cn,−d) and the set m(n, 2d). The
following lemma can be deduced from Theorem 1 of Van Leeuwen’s paper [4]
and Lemma 1. Due to space constraints, details of this are left for a future
journal version.

Lemma 2.5 There exist a bijection between the set of Motzkin paths m(n, 2d)
to the set L(Cn,−d).

For a technical convenience, we will define the irregular trinomial coeffi-
cients ; see the sequence A027907 in OEIS database. The irregular trinomial
coefficients are defined for every n, k ∈ Z as T ∗(n, k) =

(

n
k+n

)

2
.

The following lemmata, showing the relation of Motzkin paths and irreg-
ular trinomial coefficients will be crucial for the proof of the main theorem.

Lemma 2.6 The following identity holds for every n, k ∈ N0, k ≤ n,

M(n, k) = T ∗(n, n− k)− T ∗(n, n− k − 2). (1)

Now we need the last lemma, concerning sums of irregular coefficients.

Lemma 2.7 For every n ∈ N0 holds

(i)
∑n

k=0 T
∗(n, 2k) = (3n + 1)/2 if n is even, and

(ii)
∑n

k=1 T
∗(n, 2k − 1) = (3n − 1)/2 if n is odd.

2.3 Proof of the main theorem

Proof. [Proof of Theorem 2.3] We use the following identity for every n ≥ 3.

⌊n/2⌋
∑

k=0

(2k+1)(T ∗(n, n−2k)−T ∗(n−1, n−2k−2)) =

{

∑n
k=0 T

∗(n, 2k), n even
∑n

k=1 T
∗(n, 2k − 1), n odd

This identity follows from straightforward calculations and from the observa-
tion that T ∗(n, n− k) = T ∗(n, n+ k) for every n, k ∈ Z.



For brevity, we will sketch the following calculation for n odd only.

r(Cn) · |L(Cn)| =

⌊n/2⌋
∑

k=0

(2k + 1) ·M(n, 2k) (by Lemma 2.5)

=

⌊n/2⌋
∑

k=0

(2k + 1) ·
(

T ∗(n, n− 2k)− T ∗(n− 1, n− 2k − 2)
)

(by Lemma 2.6)

=
n

∑

k=1

T ∗(n, 2k − 1) = (3n − 1)/2. (by Lemma 2.7)

Together with Theorem 2.4 taken into account we conclude the formula for
r(Cn). ✷

3 LNR and BHM conjectures for unicyclic graphs

Lemma 3.1 The number of 1-Lipschitz mappings of unicyclic graphs with
order n and cycle size k, k ≤ n, is equal to

(

k
0

)

2
· 3n−k.

Observe that Lemma 3.1 implies that every two same-order unicyclic graphs
with the same-length cycle have the same number of Lipschitz mappings.

It will be useful to give a name to one special subset of unicyclic graphs.

Definition 3.2 A corolla graph is a unicyclic graph obtained by taking a
cycle graph and joining some path graphs to it by identifying their endpoints
with some vertex of that cycle. Every path is joined to exactly one vertex of
the cycle. And every vertex of the cycle has at most one path attached. We
call these paths attached to vertices of the cycle as rays.

The main theorem of [5], Theorem 2.5, can be used to prove the following
useful lemma.

Lemma 3.3 For every unicyclic graph U of order n, which is not a corolla
graph there exist a corolla graph R of order n, such that r(U) ≤ r(R).

We can finally sketch the proof of the second main result of this paper.

Theorem 3.4 For any unicyclic graph U of order n, r(U) ≤ r(Pn) holds.

Proof.

• First, use Lemma 3.3 to transform U to R, a corolla graph with a cycle of
size equal to k.



• The following can be proved: In every corolla graph with at least two leafs,
one can delete an edge to a leaf vertex of a ray with the minimum order
and attach this vertex to a leaf of a ray with the maximum possible order.
This operation does not decrease the average range.

• After successively applying this operation enough times we get a tadpole
graph Tn,k, a cycle of size k with a path of size n− k attached by a bridge.

• One can further prove that for every k ≥ 4, r(Tn,k) ≤ r(Tn,k−1) holds.
Finally, it holds that r(Tn,3) ≤ r(Pn). That completes the proof.

✷

We note that our proof works also for strong 1-Lipschitz mappings and
hence the following holds as well.

Theorem 3.5 For any bipartite unicyclic graph U of order n, r±(U) ≤ r±(Pn).

4 Concluding remarks

We proved a closed-form formula for the average range of 1-Lipschitz mappings
of cycles using an analysis of lattice paths, trinomial coefficients, and Motzkin
paths. Furthermore, we extended the result on trees from [5]. We proved that
LNR and BHM conjectures hold if restricted to pseudotrees. A natural next
candidate to extend these conjectures seems to be the class of cactus graphs.
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