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1 Introduction

Let A be the open unit disk in the complex plane C and let Q be

a subset of C. By Hol(A Q) we denote the set of all holomorphic

tunctions (mappings) from A into Q.

Linearization models for continuous semigroup of holomorphic
mappings in varions settings have an extensive history, begining with

the study of continuous stochastic Markov's branching processes
(see, for example, T.E. Harris’ book, 1963), Kolmogorov's backward
equaition in probability theory and functional-differential equations.

I'he linearization models for one-parameter semigroups have also
proved to be very usetul in the study of composition operators and

their spectra (see, for example, E. Berkson and H. Porta, 1978, C.C.

Cowen, 1981,C.C. Cowen and B.D. MacCluver, 1995, A. Siskakis,

1996).
B T -




In the vears since classic works much has been written.

A deep investigation of the behaviour of one-parameter semi-
groups near their boundary Denjoy-Wolff point based on geometric

properties of the model obtained by Abel’s functional equction was

recently done by M.Contreras and S. Diaz-Madrigal (2005).

It turns out that in those settings solutions of Abel’s functional
equations are univalent functions convex in one-direction.

In a parallel way, the class of functions convex in one direction has
been studied by many mathematicians (for example, W. Hengartner

and G. Schober,1970; K. Ciozda, 1980; K. Ciozda, 1979; A. W,

toodman, 1983 and A. Lecko, 2002) as a subclass of the class of

functions introduced by Robertson in 1936.




Following this point of view we study some additional geometric

and analytic properties of functions convex in one direction by using

the asymptotic behavior of one parameter semigroups near their

attractive (or repelling) boundary fixed points.

In an opposite way this gives us some new information on some
special (but very wide and important classes of complex dynami-

cal systems generated by holomorphic functions having tfractional

derivatives at their Denjoy-Wolff points.




Definition 1 . A uniwvalent function h € Hol(A,C) s said to be convezx
in the positwe direction of the real axis if for each z € A and t > 0,
the point h(z)+t belongs to h(A).

[t 1s well known that for each z € A, the limit

lim ™Y (h(z) + 1) =: ¢

t—oo

exists and belongs to dA.




Moreover, since the family S = {F;};>, defined by
Fi(z) = h7Hh(2) + 1) (2)
forms a one-parameter continuous semigroup of holomorphic selt-

mappings of A, 1t follows from the continuous version ot the Denjoy-

Woltt Theorem (see E. Berkson and H. Porta, 1978;
S.Reich and D. Shoikhet, 1997 and D. Shoikhet, 2001) that

the limit point ¢ in (1) is unique and does not depend on z € A,




Without loss of generality we may set ¢ = 1.

We denote by %[1] the class of functions convex in the positive

direction of the real axis, normalized by the conditions

lim A=Y (h(z) +t) =1 and h(0)=0. (3)

= =]

In the reverse direction one can assign to each semigroup S =
{F;}+>0 of holomorphic self-mappings of A with a boundary Denjoy-

Wolff point ¢ = 1, a univalent function h € Hol(A C) which is a

common solution of Abel’s functional equation
h(Fy(2)) = h(z) +t, z€A, >0, (4)
and hence 1s convex in the positive direction of the real axis.

The set h(A) is called a planar domain for S and the pair (h h(A))

is said to be a linearization model for 5.




To be more precise, we recall that by the Berkson-Porta theorem

(1978) (see also M. Abate, 1992; S. Reich and D. Shoikhet,

1996; 1997 and 2005),

for each one-parameter continuous semigroup S = {F;}:>o of holomorphic

self-mappings of A, the limit

- e . & — Ftliff‘]
(z) = Iim :
f‘ ' t—0+ T

(5)
exists.

This limit function is called the infinitesimal generator of S

Moreover, the semigroup S = {Fi}:>0 can be reproduced as the
solution of the Cauchy problem

ou(t, z) .
— + flu(t,z)) =0
ot (6)

where we set Fy(z) =u(t, z), t >0 z€ A
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By GJ[1] we denote the class of functions which consists of all
holomorphic generators f of continuous semigroups having the Denjoy-

Wollft point ¢ = 1. In this case f admits the Berkson-Porta representation

f(z)=—(1—=2)%p(2), z€A,

with Rep(z) > 0 everywhere.

[n addition, if § = {F};» is the semigroup generated hy f (S
is defined via the Cauchy problem (9), where we set Fy(z) = u(t, 2),

t>0,z¢€ &)} then lim;_, F;(z) = 1 and for each t > 0,

Z lim 6‘F¢( —tf

z—1 a,?j




Fi(z) =

] —

Fi(2)




i< = Zlim,_1 f'(z) > 0 (see, for example, M.

where 3 = Zlim,; ——
| z—1

Elin and D. Shoikhet, 2001 and M. D. Contreras, S. Diaz-Madrigal
and Ch. Pommerenke, 2006 ).

If 5> 0. then s and 1ts generator 7 are said to be of hy-
perbolic type. Otherwise, that 1s, if 5=0, the semigroup

s and 1ts generator 7 are sald to be of parabolic type.




Conversely, it is shown in M. Elin and D. Shoikhet (2001), that
it f 1s a holomorphic generator on A such that the angular limit
Zim L&) . gy (7

z—1 = —

exists finitely with Re f’(1) = 0, then f’(1) is, in fact, a real number

f has no null points in A and bhelongs to G[1].

This, in turn, implies that the formula

=

dz

hiz) = —
(2 f(z)
0

establishes a one-to-one correspondence between the classes G[1] and




In this work we first are interested in finding simple analytic
conditions which determine certain geometric properties of functions
h in the class Z[1], such as the location of the image h(A) in either
a half-plane or a strip. and its containing either a half plane or a

strip.

In the context of semigroup theory these geometric questions may

be interpreted as follows:

[s a given one-parameter continuous semigroup an outer or inner,

conjugates of a group of automorphisms (see the definition below).
In other words, the problem is finding a fractional linear model of

B the semigroup which is defined by a group of automorphisms of A.




To be more precise, we need the following definition.

Definition 2 . Let S = {F;}4>0 be a one-parameter continuous semi-
group of holomorphic self-mappings of A.
o A uniwvalent mapping v : A — A s called an outer conjugator of

S if there is a one-parameter semigroup {G:}i=0 C Hol(A, A) of linear

fractional transformations of A such that

EGFtZGtU'L’:_ (8}

o A univalent mapping ¢ - A — A is called an inner conjugator of S
if there is a one-parameter continuous semigroup {Gs}e=o C Hol(A, A)

of linear fractional transformations of A such that

Fiop=woG;. (9)
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Note that by the Linear Fractional Model theorem

(see P. 5. Bourdon and J. H. Shapiro, Cyclic phenomena for
composition operators, Mem. Amer. Math. Soc. 125 (1997)) for
each holomorphic self-mapping there exists a conjugating function

G- A — C which 1s not necesserely a self-mapping of A.

However, in our considerations the main point in Definition 2 1s

that the conjugators ¢ and v are self-mappings of A.




[t 13 rather transparent fact that 1f S = {F}i» 15 a bETﬂlg]DUp
with a boundary Denjoy-Wolff point ¢ € A (say ¢ = 1) and & is

the solution of Abel’s equation (4) normalized by (9), then an outer
(respectively, inner) conjugator of § exists if and only if A(A) lies in

(respectively, contains) a half-plane T

[n hoth cases the conjugate semigroup { Gieoo of linear fractional
transformations (see formulas (8] and (9), is a group of automor-

phisms of A 1f and only 1f T 1s horizontal. 1.e., 1ts boundary 15 parallel

to the real axis.




The latter situation is of special interest for inner conjugation
since equation (9) means that the semigroup S = {F;};so forms a

group of automorphisms of the domain ¢(A) which 1s called a back-
ward flow invariant domain for § (see M. Elin, D. Shoikhet and
L. Zalcman, 2008). We will concentrate on this issue later for

semigroup generators which are fractionally differentiable at their

boundary Denjoy-Wolff points. In the mean time we need the fol-

lowing observation.




Examples: 1. Shrinking the disk to a smaller disk:

F(z)=——r
(e -1Dz+1

r, =0, 7, =1-the common fixed points
r, =0 - the DW point

A

[ — o0




n=3
r,=0, 7, =¢ ®, k=123 -the common fixed points

7, =0 - the DW point

t — o0 £ =~




[t can be shown that if A belongs to Z[1], then the angular limit

w=/Zlim(1-2)(2) (10)

z—1

exists and belongs to (0, ],

It turns out that this mit 4 1s finite 1f and only if [Imh(z)] 13
hounded. Moreover, the number 7 15 the width of the minimal

horizontal strip which contains h(A),







If © in (10) is infinite, it may happen that for some a > 0, the
angular limit

£ lim (1 — )R (2) = p, (11)

or even the unrestricted limit

lim (1 — 2)1en (2) = u, (12)

=EM

exist finitely.

The latter condition, for example, follows from the geometric
property of A(A) to have a Dini smooth corner of opening na at

infinity for some a € (0,2] (see Ch. Pommerenke, Boundary Behavior

of Conformal Maps).
Therefore it 1s natural to consider the subclasses Z4[1], respec-
tively, ==[1] (2=[1] c =4[1]), a > 0, which consist of those h € 1]

satisfying (11), respectively, (12).




2 Subordination theorems (outer conjugation).

2.1 Auxiliaries results.

Proposition 3 . A function h € Hol(A,C). h# 0. with h(0) = 0, belongs
to T1] of and only if
Re [(1-2)%H(2)] > 0 (13)

and if and only if fe Hol(A.Q), defined by f(z) = -

) belongs to

a[1).




Proposition 4 . Let {F;};>0 be the semigroup with the Denjoy- Wolff
point z =1, such that Fy(z) = h=}(h(z +1t)), h € Z[1]. Then h(A) lies in
a horizontal half-plane if and only if there 1s a group {G;}, t € R of

parabolic automorphisms of A and a conformal self-mapping v of A

such that for all t > 0 the semigroup {F;} outer conjugates with {G:}:

U(F(2) = Go(¥(2)), 20,

Remark 5 . In particular, each hyperbolic group can conjugate with

a parabolic one.




To proceed we need the following lemma.

Lemma 6 . Let h € £[1]. Then the angular limit
/ 11'1111{1 —2)h'(z) =

exists and is either a positive real number or infinity.




2.2 Main results.

First we turn to a description of the class £9[1].

Theorem 7 . Let h e £]1]. The following assertions are equivalent:

(i) h € 4[1], i.e.,
4 limll[l — z)h (z) = p

exists finitely:

(11) Q@ = h(A) lies in a horizontal strip;

(1i2) h 18 a Bloch function, i.e.,

2
Ihll = sup (1 — [2]?) |#(2)] < oo
zEMN




Moreover, in this case.

(a) the smallest strip which contains h(A) is

{wEE:|Imw—a| {_%}:

where

a= lim ImhA(r).

r—1-

(b) 2|ul < ||Rllg < 4|ul.




Remark 8 . Once the equivalence of (i)-(iit) and assertion (a) are
proved., we have by the Kobe Distortion Theorem the following esti-
mate:

T |
— <kl < 27|ul. (14)

Clearly, assertion (b) improves (14).
Such estimates are very important in finding non-trivial bounds

for integral means of |h(z)|, as well as its even powers (see, for ex-

ample, Ch. Pommerenke, Boundary Behavior of Conformal Maps).




Now we start to study the classes ©%[1]. respectively, Z%[1], a > 0,

of functions A € T[1], for which

Zlim(1 — z)ep/(2) = p,

z—1

exists finitely.

Remark 9 . Note that these classes arize naturally, if h(A) 15 con-

1bz

tained n a half-plane M = {w € C : w = hy(z) = 5

z € A} and
v =hi'oh has a Dini’s smooth corner of opening ra, 0 < a < 1.

We will see below, that if A(A) contains a half-plane h;(A) and

p=h"'-hy has a Dini’s smooth corner of opening 77, then 2 < <1

and h € £%[1] with a =1 €1,2].

n‘I.
I




o We say that a generator f belongs to the class G4[1] (G°[1]),

a >0, 1f
)
ilL}n’ll A )va ~ a0 (15)
_ flz)
(;ﬂ 1—7)i7a =a#0]. (16)
EE& " 4

It is clear that h € £9[1] (respectively, £5[1]) if and only if f defined

: 1 : :
by f(z) = ) belongs to the class G4[1] (respectively, G=[1]) with
a = —i. Of course, if a > 0, then f is of parabolic type.

The following example shows that the class ©¢[1] (respectively,

G*[1]) is a proper subset of the class ©9[1] (respectively, G%[1]).
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Example 10 . Consider the function f € Hol(A.C) defined by

8
flz) =—(1-2) [1 — exp (—1 i z)] (1—2)1—#

1—2=z

It follows by the Berkson-Porta formula, that f € G[1]. Moreover.,

feGyl], a=2-3, since the angular limit

- flz)
L;I_FH?I {1 _ z:}1+‘3‘ =—1

At the same time the unrestricted limait

f(z)

{1 . z:}1+cx

Iim

does not exist, 1.e.. f & G*[1].



Theorem 11 . Let h € ©4[1] with

Zlim(1 - 2)'T%R'(2) = p.

z—1

The following assertions hold:

(A) ac]o 2.
(B) Assume that for some z € A, the trajectory {Fi(z)}s>o. where

Fy(z) = h~Y(h(z) + t).converges to = = 1 nontangentially.

Then

(1) |argu| < gmin{aj — a}. Moreover, if a € (0,1], then this

inequality 1s sharp:

(1) 1Moo t(1 — Fy(2))* = g for all z € A;

: 1
(1i2) lim;_, o, arg(1 — Fy(z)) = —argu for all z € A.
a




v Parabolic case

All parabolic semigroups which have the same
fractional angular derivative at their common
Denjoy-Wolff point share the same asymptote,
Irrespective of their initial points.

v  Hyperbolic case

Each hyperbolic semigroup trajectory has an
asymptote at its Denjoy-Wolff point, which depends
on the initial point of the trajectory.




Remark 12 . We note that the conclusion of Theorem 11 remains.
of course, true if we replace condition (15) by (16). Moreover, the

requirement of nontangential convergence in this case is not neces-
sary. In addition, formulas (i) and (iii) show that if a > 1 (a < 2),
then all the trajectories must necessarily converge in a nontagential
way.

T'his proves the following assertion.
Corollary 13 . Let f € G=[1]. The following assertions are equivalent

(i) for some z € A, the trajectory {Fi(z)}:>0 converges to = = 1

tangentially:

(ii) for all = € A, the trajectories {Fi(z)}:>0 converge to z = 1
tangentially:

(ii1) |arg(—a)| = o

2
Moreover, in this case 0 < a < 1.



Remark 14 . Note that the nontangential convergence of the trajec-

tory {Fi(z)}s=0 to the Denjoy- Wolff point = = 1 of the semagroup S
means that

L 1-RGI
201 - F(z)] ~

We wnll see that this condition implies that there 1s no horizontal

half-plane which contains h(A).

In an opposite way, the condition

1 — | Fi(=z
1-|R()] _
t>0 |1 — Fy(z)]

0

implies that the trajectory {Fi(z)}s=0 converges tangentially to z =1.

So, the question is whether the latter condition 1s sufficient to

ensure that h(A) lies in a horizontal half-plane.



The tfollowing Theorem shows that for h € ©¢[1] the existence

of a horizontal halt-plane containing A(A) is, in fact, equivalent to
1 — [Fy(2)]
1 — Fy(2)]

a more strong condition that the ratio converges to zero

, 1 : : C
faster that - Moreover, for a =1, we will see that the limit

exists and is different from zero if and only if all the trajectories

converge to z = 1 strongly tangentially, 1.e., for each z € A there is
a horocycle internally tangent to dA at the point z = 1 which does

not contain {F;(z)};>, for some s > 0.




We recall that by T°[1], a € [0,2], we denote the subclass of
¥[1] which consists of those functions A for which the unrestricted

lim,_(1 — z)!T*R/(z) exists finitely.
2EA | |

Theorem 15 . Let h € ©2[1] with a € (0, 2],

= lirﬂi(l — 2)1TeR!(2) # oo,
Z€A

and let h=Y(h(z) +t) =: Fy(2).

Then h(A) lies in a horizontal half-plane if and only if

sup t(1—|F(z)])

— =: M(z) < o00.
T i—RE e




Moreover, in this case the following assertions hold:

(a) o must belong to the half-interval (0,1];

() Jargul = Zos
(c) all the trajectories {Fy(z)}, t > 0, z € A, converge tangentially
to the point z = 1.

(d) if T = {w =

bz

—— %2 € A} 15 a half-plane containing h(A), then
— 2

b-argu >0

In other worlds, Imh(z) 1s bounded from above if and only if
arg p > 0. Other wise (argu < 0) the set Imh(z) is bounded from

_ below. Recall that since a # 0, Imh(z) cannot be bounded from the

hoth sides.










Corollary 16 . Let h € =*[1] with a € (0,2] and

m (1 — z)'Th/(2) # .

=21
eA

) i.‘q ._|

If either a > 1 or |arg u| # Za, then there 1s no horizontal half-plane
which contains h(A).
In particular, if p is real, then

sup Im h(z) = oc
zEA

and

inf Imh(z) = —oc.
zeEA

Now by using Proposition 4 we get the tfollowing assertion.




Theorem 17 . Let S = {F;}:+»0 be a semigroup of parabolic self-
mappings of A generated by f € G*[1], 1.e..
f(z)

Iim : =a
z—1 (1 — z)l+e

exists finitely and different from zero.

The following are equivalent:

(1) {F} outer conjugates with a group {G:}:cr of parabolic auto-
morphisms of A, 1.e., there is a conformal self-mapping v : A — A
such that

YV(F(2)) =Gi(vw(z)), t>0, z€A;

7

(i)

t(1 - |F(2)

)

sup = M(z) <oo, z€A.

>0 |1 — Fi(z)




Moreover, in this case
(a) a €(0,1];
(b) |arg(—a)| = Fo;

(c) all the trajectories {Fy(z)}s>0 . z € A, t > 0, converge tangen-

trally to the point z = 1.




We denote by d(z) the non-euclidean distance from a point z € A
to the boundary point ( =1 defined by

1 — 2"

d(z) = .
&)=

The sets {d(z) < k}, k& > 0, are horocycles internally tangent to A

at z = 1. It follows from the Julia-Wolff-Carathéodory theorem ftor
semigroups that for each z € A, the function d(Fi(z)) is decreasing,
so the limit

Jim d(Fy(z)) = &(2)

exists and 1s nonnegative.




- It can be shown that either z(z) > 0 for all = € A or =(z) =0
identically.

Definition 18 . We say that a semigroup 5 = {F.}i=¢ 5 strongly tan-

gentially convergent if =(z) = 0.

Geometrically, this means that for each » € A there 1z a horocycle
E internally tangent to A at z = 1 such that the trajectory {Fi(z)}i=0

lies outside E.

Sometimes a strongly tangentially convergent semigroup 12 said

to be of finite shift (see M. D. Contreras. S. Diaz-Madrgal and Ch.

Pommerenke, Second angular dernivatives and parabolic iteration n

the umt disk, 2005.).




A




Theorem 19 . Let h € T2[1]. a € [0,2] and let 5§ = {F};~q be defined
by Fi(z) =h~Yh(z)+1t). z€ A, t = 0. The following assertions hold:

(A) Assume that for some z € A the trajectory {F;(z)}i=0 converges
to z =1 strongly tangentially. Then

(i) a=1;
(11) h(A) belongs to a half-plane.

(B) Conversely. Assume that conditions (i) and (i) are fulfiled.
Then all the trajectories {Fi(z)}t=0, z € A, converge to z =1, strongly

tangentially




Moreover,
p=lim(1—2)"A'(2)

15 purely tmaginary and either

—Im u :
Imh(z) = CzEA ] =0
or I

—Im :
Imh(z) < ——— §fImp < 0.

2:(0)




Proposition 20 . Let § = {F,},~, be a semigroup of parabolic type
generated by f € G'[1], i.e,

. f(z)
M

1 _
= >f"(1)=a
exists finitely and different from zero.

Then {Fi}:~q converges to z =1 strongly tangentially if and only
if
t(1 —|F(z)]) = L(2)

1_
oo |1 — Fy(2)

18 finite.




Example 21 . Consider a function h : A — C conformally mapping
the open unit disk A onto the gquadrant {—1 < x < co. —1 < y < o<}
given by the formula

h(z) = e*3 [\.II"I 1 __I_ j — 1:| :

It is clear that h € =°[1], with a =1 and

pw=Ilim(1— 2)*"h'(z) = &'%
The corresponding generator f(=—4;) 15 defined by flz) = —(1 —

)2,/ 2T
4 1'L' 1—=

Since h(A) lies in a horizontal half-plane all the trajectories F,(=z)

must converge to z = 1 tangentially:

lim arg(l — Fy(z)) = 288 — &

T
t—oa o 2

At the same time no trajectory can converge to = = 1 strongly

tangentially since a #£ 1.




3 Covering theorems (inner conjugation).
3.1 Backward flow invariant domains.
Let f £ ¢[1] be the generator of a semigroup § = {F:}:+=0 having
the Denjoy-Wolff point 7 =1, 1.e_
(1) (:: £ lim f[;:}) —0

and

(1) (: £ lim 1(z) ) =0

.Ei—i-]._.‘-'-_':'—]_

Definition 27 . We say that o simply connected domamm 0 C A s a
backward flow invariant domain (BFID) for § if § can be extended

to a group on Q.




Example:

f@)=20-2")  F(9)=

d_n n _—nt
21k 1-z"+z"

7,=0, 7, =e ", k=12,..,n -thenull points of f

—t
ze

f'(z.)=-n, k=12,..,n




Since © (1f 1t exists) 13 simply connected one can find a Riemann
conformal mapping ¢ : A — A such that ¢(A) = 0. It 15 clear that

the tamily {G:}:er defined by

Gi(z) = o Y F(p(z)), teR

F R I:;]'T_}

torms a group of automorphiams of A

Thus, the existence of BFID tfor 512 equivalent to existence of an
nner conjugation - A — A
£ 0 (18)

where {G:}icn 18 & group on A

Alzo 1t 13 clear that the group {G:} 12 not elliptic.
o Thus the group {G:}ica 15 of either parabolic or hyperbolic type.




Definition 28 . We say that 0 s of p-type if {G.}ieq 15 parabolic and
18 of h-type if this group is hyperbolic.

Remark 29 . We will see below that if 0 15 of p-type. then § = {F}i=g
also must be of parabolic type, 1.e.. f'{1)=0. At the same time if 0

15 of h-type the semigroup S might be also of hyperbolic as well as
parabolic type.




Example 30 Consider the holomorphic function f, defined by

2"“I._.-"%—% 1+ =

fi(z)=—-(1-2)*-

| C(w=1)2 -1 . ] II.-'1__|_3
k'p[”}_[w—ljz—l—l" where u—vl—yl_x_




falz) = —(1-

by f, 15 of parabolic type.

Example 31 Consider now another semigroup generator:

1 — =2

14+ =2

A
z)

Since f3(1) = 0, we conclude that the semigroup S, = {F.},., generated

L1777 »MN\\WII/
IR e Ve NN I
Jff/'ffﬂm\{szm-\%{f
e N | T VN )
Y At S L R O W
Ff/fffﬂmmﬁhl£[ffrhyf
Y et A R Rt

if /7 SO N S
[ /e e RN N S
o — e -__.

| [ AR | SR IR Y

-\mmeAHJafff'/<J\h
NN S L S T N
e {1\\Mfgx
Raxmwﬂ—ffﬁﬁ{ VNS
R RIS A
YOV Ny %Nwhff;{i
DR e | B B U
R\\xmwMHff\mhff/f{xx
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Theorem 32 . Let 7 € G[1] and let 5 = {F};=y be the semigroup
generated by f. The following are equivalent:

(1) there s a point = € A such that Fy(z) € A for allt € & and

the point ¢ = lims—._o Fi(z) 18 a boundary regular null point of 7, i.e..
F (&) = Zlimzs f(2) 18 finite;

(iz) the itmage h(A), where h € =[1] is defined by

=

dz

hiz)=— [ 7 (20)

contains a horizontal strip (or a horizontal half-plane);

(121) there is a simply connected open subset O C A such that F; |a

18 a group of automorphisms of 0 ;




(iv) there are real numbers a and b such that the differential equa-
tion

[a(2? — 1) +ib(1 — 2)’] ¢'(2) = F(p(2)) (21)
has a nonconstant solution ¢ € Hol(A).

Moreover, in this case ¢ 13 uniwvalent and @ = p(A), 15 a BFID for




3.2 Classes Y*(G?*) and corners of opening.

Now we will concenrate on geometric properties of a backward flow
invariant domain © of p-type. In particular we show that under some
smothness conditions © has a corner of opening (at the point = = 1)

if and only 1f F £ G2[1] (respectively, h € £2[1]) for some a € (1, 2].
We have proved that if © 1z of p-type. then for all w e 0

lim F(w)=1. (22)

T —

As we have already mentioned. 1t follows by Theorem 2.4 1n M. D.

Contreras and S. Diaz-Madrigal, Analvtic flows on the umit disk:
angular derivatives and boundary fixed points. that if for at least
one w £ A the trajectory {F:(w)}lien 15 well defined and condition (22)
holds, then there 1z a horizontal halt-plane contained 1in A(A). Thus

condition (22) 1z necessary and sufficient condition for existence of

BFID @ of p-type.

llllllll



Proposition 34 . Let f € G*[1] with

_ (%)
lim - / —— =aF0,00
z—1 (1 —z)'™® C

and let § = {F,}4~o be the semigroup generated by f. Assume that for

a pownt z € A the trajectory {Fi(z)h=o can be extended to the whole
real aris and

lim (1 - Fi(z))=1.

t——D

Then o €[1,2] and
(1) larg(—a)| = F(2—a);
(it) the trajectory {Fi(z)}:i-0 converges tangentially to the point

z=1 ast goes to —oc. Moreover, if arg(—a) # 0, then

lim arg(l — Fi(z)) = (signarg(—a))—;
t—l-—m £ o l-_:l

—_




(i21) there is a BFID @ C A of p-type which has a corner of opening

7y at the point z =1 with v = L
L




Corollary 35 . [f conditions of proposition 54 hold. then

w2 —
lim arg(l — Fy(z)) = —signarg(—a) - { ﬂ}.
t—oo 2a0

Thus, the trajectory {F:(z)}t=0 18 tangential to the unit circle at
the point z =1 if and only if a=1.
This trajectory is tangential to the real axis at the point » =1 if

and only if a = 2.




Corollary 36 . Let h € =2[1] with p =lim(1 — z)1+2r'(z). The following

assertions are equivalent:

(i) there is z € A such that the point h(z) +t € h(A) for allt e R
arnd

lim A~ '(h(z)+t)=1;

t— —

{(it) h(A) D k(A) (a half-plane). where




Mereover, in this case:
(o) aclla];
(b) if & € [1,2), then there is no horizontal half-plane H C h(A)

such that HNk(A)=@ and b-argu > 0.




In a sense a converze assertion 15 also holds.

Theorem 37 . Let h € T[1] and let F,(z) = A~ (h(z) +1t) for some z € A

can be extended to the whole real axis and

lim Fi(z)=1.

t——oo ’

In other words, there is a nonempty BFID @ of p-type. Suppose that

a0 has a Dini-smooth corner of opening = at the point = = 1. The

following assertions hold:
1




ﬁ) h € £ [1] with o = l and wi=Llimz_1(1 — :|1+ﬂh'r[:-:} = 0, 00

Ty
1

(iz) L <~ < 1, hence the corner of openning cannot be less than

m(2y—1)

2

and larg u| <

T

ta | =)

(i11) the angular limit of the inverse Visser-Ostrovskii quotient

Z lim fi{a]
z—1 (z —1)h'(z)

exists and equal .




THANKS FOR YOUR ATTENTION
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