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Lowner Theory

m Charles Loewner (Karel Lowner)

1893 Bohemia, Czech Republic— 1968 Stanford, USA

K. Lowner, Untersuchungeiiber schlichte konforme Abbildungen
des Einheitskreises, Math. Ann.89(1923), no. 1-2, 103-121.
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Lowner Subordination
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Lowner Equation

Given a subordination chain of domaifi$t) defined fort € |0,7),
there exists an analytic regular function

p(C,t) =1+ pi(t)C+pa(t)C+..., CeU={C:[¢] <1},

such that Rey(¢,t) > 0 and

for ¢ € U and for almost alt € [0,T"), T' may beocc
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Lowner Equation

® Christian Pommerenke
b

born December 17, 1933 Kgbhenhavn, Danmark

Ch. Pommerenke/ber die Subordination analytischer Funktionen
J. Reine Angew. Math218(1965), 159-173.
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P. P. Kufarev

Pavel Parfenievich Kufare{1909-1968)
was born and died in Tomsk. His life was
always linked with the Tomsk State Uni-
versity where he studied (1927-1932),
was appointed as docent (1935), professor
(1944), State Honor in Sciences (1968).
His main achievements are in the theory
of Univalent Functions where he general-
ized in several ways the famous Lowner
parametric method.
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P. P. Kufarev

P.P. Kufarev,0On one-parameter families
of analytic functionsRec. Math. [Mat.
Sbornik] N.S.13(55)(1943), 87-118.

Kufarev proved the existence of the
derivative 8f almost everywhere i €
0,7 andC from the Carathéodory kernel
of {Q(¢) hepr). SO we refer to_owner-
Kufarev equation
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Characteristic Equation

® lnverse problemgiven a domaif2(0) = €, (therefore,
f(¢,0) = fu(€)), and a regular functiop((, t), Rep > 0, let
us solve the Lowner-Kufarev equation.

® Problem:Does the solutiorf (¢, t) represent a subordination
chain of simply connected univalent domains?
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Characteristic Equation

®m From general theory the solution exists and is unique.

dt d¢ df
= =1, o= (p(C, 1), o = 0, with the initial

conditionst(0) = 0, ¢(0) = z, f(¢,0) = fo(¢)
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Characteristic Equation

®m From general theory the solution exists and is unique.

_di d¢ df

= =1, - = —(p(C, t), i = 0, with the initial

conditionst(0) = 0, ¢(0) = z, f(¢,0) = fo(¢)

® The Lowner-Kufarev equation in ordinary derivatives for a
function( = w(z, t)

X = —wp(w,)
dt_ wpw7 y

with the initial conditionw(z, 0) = z.
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Characteristic Equation

®m From general theory the solution exists and is unique.

_di d¢ df

= =1, - = —(p(C, t), i = 0, with the initial

conditionst(0) = 0, ¢(0) = z, f(¢,0) = fo(¢)

® The Lowner-Kufarev equation in ordinary derivatives for a
function( = w(z, t)

X = —wp(w,)
dt_ wpw7 y

with the initial conditionw(z, 0) = z.

m The solution is given by, (« ' (¢.7)). Problem:( is not
defined inU.
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Lowner-Kufarev Representation

n
gl z= f(¢)
r
& T
1 0
Q

The answer to the above problem is found in the Lowner-Kufare
representation.
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er-Kufarev Representation

y univalent functionf : U — Q, f(z2) = 2z + ¢12* + ... can
represented as a limit

f(z) = lim e'w(z,1).

t—00



Lowner-Kufarev Representation

® Any univalent functionf : U — Q, f(2) = 2 + ¢12* + ... can
be represented as a limit

f(z) = lim e‘w(z,1t).

t—00

® The function( = w(z, 1),

w(z,t) =e "2 (1 + Z Cn(t)zn> :

satisfies dw
dt
with the initial conditionw(z, 0) = z.

= —wp(w, 1),
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EXIStence and univalence

= PDE Lowner-Kufarev equatiofi = = f'p(z, t), Rep(z,t) > 0
with the initial conditionf(z,0) = fy(z) has a unique
univalent solution all the time € [0, co)

If fo(z) = lim;_, e'w(z,t), where the functiog = w(z, t),

w(z,t) =e 'z (1 + Z Cn(t)2n> ;

satisfies dw
— = —wp(w, t),

with the initial conditionw(z,0) = z.
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Reverse construction

m If we already know the solutiofi(¢,¢) = e'/¢ + ... to
Léwner-Kufarev PDEf = = f'p(z, t), Rep(z,t) > 0 with the
Initial condition f(z,0) = fy(z) fort € [0, c0), then the
solution to the corresponding Lowner-Kufarev ODE is
constructed as

w(z,t) = fH(fol2),t) =etz+...

= no problem with extension.
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yraic structures

eresting phenomeno/®imilar algebraic structures appear in
erent theories in physics and mathematics

I interest-Virasoro algebra



irasoro Algebra?



Why Virasoro Algebra?

® The Virasoro Algebra plays a fundamental role in Conformal
Field Theory,
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Why Virasoro Algebra?

® The Virasoro Algebra plays a fundamental role in Conformal
Field Theory,

® In non-linear equations, the Virasoro algebra is intriakyc
related to the KdV canonical structure,
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Why Virasoro Algebra?

® The Virasoro Algebra plays a fundamental role in Conformal
Field Theory,

® In non-linear equations, the Virasoro algebra is intriakyc
related to the KdV canonical structure,

® The Virasoro Algebra is an important object in mathematgs a
an example of infinite-dimensional Lie-Fréchet algebra.
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When and where?

= Miguel Angel Virasoro

born in Argentina in 1940
Argentinean physicist, former director of ICTP in Trieste,

Professor, Universita’ di Roma ‘La Sapienza’
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When and where?

1970 M.A.Virasoro:Subsidiary conditions and ghosts in
dual-resonance modeidPhys. Rev. D1 (1970), 2933—-2936.
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When and where?

1970 M.A.Virasoro:Subsidiary conditions and ghosts in
dual-resonance modeidPhys. Rev. D1 (1970), 2933—-2936.

®m However the Virasoro Algebra was studied earlier in 1968.
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When and where?

1970 M.A.Virasoro:Subsidiary conditions and ghosts in
dual-resonance modeidPhys. Rev. D1 (1970), 2933—-2936.

1968 |.M.Gel'fand, D.B.FuchsCohomology of the Lie algebra of
vector fields on the circle Functional Anal. Appl2 (1968),

no. 4, 342-343.
l @ ‘
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Formal Definition

®m The Witt algebra is a Lie algebra of Killing (metric preseny)
vector fields defined o€ \ {0}
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Formal Definition

®m The Witt algebra is a Lie algebra of Killing (metric preseny)
vector fields defined o€ \ {0}

®m The Witt basis is given by the holomorphic vector fields

0
Ln — —Zn—i_l@, n & Z
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Formal Definition

®m The Witt algebra is a Lie algebra of Killing (metric preseny)
vector fields defined o€ \ {0}

®m The Witt basis is given by the holomorphic vector fields

0
Ln — —Zn—i_l@, n & Z

® The Lie-Poisson bracket of two Killing fields is

L, Lyl = (m —n) Loy

Workshop on Holomorphic Iteration, Semigroups aritvber Chains, September 200%.16/54
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Formal Definition

® The Virasoro Algebra is a central extension of the Witt algeb
by C (Witt ® C):

Ly Lolvir = (1 — 1) Ly + %n(nQ — )3 —m.
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Formal Definition

® The Virasoro Algebra is a central extension of the Witt algeb
by C (Witt ® C):

Ly Llvir = (M — 1) Lypan + %n(nQ — )3 —m.

The constant is thecentral chargeand it is a constant of the theory.
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Conformal Field Theory

® In Conformal Field Theory Virasoro Algebiar appears as an
Infinite dimensional algebra generated by the coefficieftise
Laurent expansion of the analytic compon&naf the
momentum-energy tensor, Virasoro generators.

Workshop on Holomorphic Iteration, Semigroups aritvber Chains, September 200%.18/54



In Conformal Field Theory Virasoro Algebir appears as an
Infinite dimensional algebra generated by the coefficieftise
Laurent expansion of the analytic compon&nf the
momentum-energy tensor, Virasoro generators.

The corresponding Virasoro-Bott group appears as the
space of reparametrization of a closed string.
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Kd\V/ hierarchy

m Phase space (field variablegx'*, ¢) so thatS* x R is our
space-time. Simplifyings — u(x,t), where the new is a2«
periodic smooth function.
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Kd\V/ hierarchy

»m KdV equationu; = 6uu, + u.., has an infinite number of
conserved quantities (first integralg)«|, e.g.,

1
I 4 :/uda:, Iy = /quaj, I = /(§(u’2)—|—u3)da:,...

= /polynomial(%,-u)d:ﬁ.

which are all in involution {_;- mass,/y- energy).
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lerarchy

erarchy is constructed as

61,
= |u, I, = 4 o

dx du



Kd\V/ hierarchy

® Hierarchy is constructed as

. d ol,

» Lax reformulation

. 2n+1

L=[L,A,), L=-0"4+u, A,=4i(L2 )so.
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la Virasoro

asoro generators

L, Ln]vir = (1m0 — 1) Ly + %n(nQ — )6 .

U = g Z L,e "™ —

nez



Kd\/ via Virasoro

m Virasoro generators

(L, Lnlvir = (1m0 — 1) Ly + %n(n2 — )3 —m.

= Then, using(z) = 5= >, ., ¢, we obtain

_67T

[u(z), u(y)) (0" (x—y)+4u(z)d’(z —y) +2u'd(z —y)).

C
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Kd\/ via Virasoro

m Virasoro generators

(L, Lnlvir = (1m0 — 1) Ly + %n(n2 — )3 —m.

= Then, using(z) = 5= >, ., ¢, we obtain

(), u(y)] = = (—6"(x—y)+4u(e)d (= y) +20'(z ).

C

w Taking Iy = & [*" u®dz, we obtain

C

= —Tu. Il = —u" 4+ 6u.
U 67T[u, 0] u” + buu

Workshop on Holomorphic Iteration, Semigroups aritvber Chains, September 2080%.20/54
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e Lie-Fréchet group of the sense preserving diffeos $iff



Reallization on the Unit Circle

m The Lie-Fréchet group of the sense preserving diffeos £iff

m The Lie algebra Vec§® of real vector fields) (¢ )di
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Reallization on the Unit Circle

m The Lie-Fréchet group of the sense preserving diffeos £iff

m The Lie algebra Vec§® of real vector fields) (¢ )di

m (0 + 2m) = ¢(0);
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Reallization on the Unit Circle

m The Lie-Fréchet group of the sense preserving diffeos £iff

m The Lie algebra Vec§® of real vector fields) (¢ )di
m o0+ 2m) = ¢(0);

® The commutatofo,, ¢o] = d1¢5 — P po.
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Some obstacles

® Finite dimension: Lie algebra-Lie group correspondence.
® Infinite dimension: Lie-Banach, Lie-Fréchet.

m The Lie algebra Vec$! can not be lifted to the Lie-Fréchet
group Diff S*.

®m What are coordinated on Vest?
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Kirlllov’'s construction

= Kirillov proposed to consider the homogeneous space
Diff S'/S!, and the Lie algebra Ve@&' /const = VectS!
(i.e., [ ¢df = 0).
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Complex Structure

m A complex structure for VegtS'

©.@)

(0) = Z a, cosnb + b, sin nb,
n=1
J|9|(0) = Z —a, sinnfd + b, cosno,

n=1
Complexification VectS' ® C = Vectg S* @ Vect, S*;
projections:

1 . — T
b —vi=(pFiJ[¢]) = Y (an Fiba)e™ € Vecty S,
n=1
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Gelfand-Fuchs cocycle

® Virasoro algebra is a unique (modulo isomorphisms)
non-trivial central extension of Vegt' ® C:;
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Gelfand-Fuchs cocycle

® Virasoro algebra is a unique (modulo isomorphisms)
non-trivial central extension of Vegt' ® C:;

v, = —ie"L— Fourier basis;
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Gelfand-Fuchs cocycle

® Virasoro algebra is a unique (modulo isomorphisms)
non-trivial central extension of Vegt' ® C:;

v, = —ie"L— Fourier basis;

B [V, U] = (M — NV

Workshop on Holomorphic Iteration, Semigroups aritvber Chains, September 200%.25/54



Gelfand-Fuchs cocycle

® Virasoro algebra is a unique (modulo isomorphisms)
non-trivial central extension of VegS' @ C;

v, = —ie"L— Fourier basis;
= [Una Um] — (m — n)vn—i—m;

» Gelfand-Fuchs cocycles(v,,, v,) = Sn(n® —1)0, _m, ¢ € R;
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Gelfand-Fuchs cocycle

® Virasoro algebra is a unique (modulo isomorphisms)
non-trivial central extension of VegS' @ C;

v, = —ie"L— Fourier basis;
. [Una Um] — (m — n)vn—i—m;
» Gelfand-Fuchs cocycles(v,,, v,,) = Sn(n* — 1)0n, —m, ¢ € R;

12

= [Una vm]V’ir — (m — n)vn—i—m + W(Un, Um)-
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Conformal welding

m Realization DiffS'/S*:

n Y

g1 z=f()=CH+al®+...
r
X
0)
Q
z2=9(C) =a(+ayg+a_ 1C+
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Conformal welding

m Realization DiffS'/S*:

n Y

gl z=f)=C+cal®+...
r
T
0
Q
z=g(¢) =ai(+ao+a_ 1C+

my=f"1og|s €Diff S'/S', [ e S~ eDiff S1/5.

= We identify the space of smooth Jordan curves and £iffS*.
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effer and Spencer Variation

~ Q) wf(w)\*  o(w)dw
0pf(2) = o 51/< F(w) ) w(F(w) — f(2))




Schaeffer and Spencer Variation

LA o (wf () o(w)dw
ol = o /< f(’w)> w(f(w) — f(2))

Sl

m exponential map € Vect St — Diff S*/S*.
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Schaeffer and Spencer Variation

SO [ (wf @) o(w)de
0f(2) = o 51/< f(w) ) w(f(w) — f(2))

m exponential map € Vect S* — Diff S1/S1.

m 04 transfers the complex structudefrom Vect,S* to T'S:
J(0g) 1= 0(4)-
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Schaeffer and Spencer Variation

SO [ (wf @)\ o(w)dw
5¢f(z)— 9 /( f(w) ) w(f(’w)—f(»’«'))7

Sl

m exponential map € Vect S* — Diff S1/S1.

m 04 transfers the complex structudefrom Vect,S* to T'S:
J(04) := d.1(9).
m Complexification]'S = TSt @ TS : §; FiJ(54) € TS

©.@)

v=0TFiJ(¢) = (an Fiby)e™.

n=1
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V's vector fields

oserve that = (5¢ -+ ’LJ(5¢) = 5¢:Fij(¢).



V's vector fields

oserve that = (5¢ -+ ’LJ(5¢) = 5¢:F7;J(¢).

kingv, = —ick, k=1,2,... for T'S", we obtain
8o, (f) = Li(£)(€) = ¢ F(C):



Kirillov’'s vector fields

m Observe that = 04 T 1J(0g) = dpxit(e)-
m Takingv, = —i¢*, k=1,2,... for T'S", we obtain
0w, () = Li(£)(C) = ¥ F(C).

m Takingyv , = —i( %, k=1,2,... forT'S", we obtain
dv_, (f) = L_k(f)(C) = very difficult expressions

Workshop on Holomorphic Iteration, Semigroups aritvber Chains, September 200%.28/54



Kirillov’'s vector fields

m Observe that = 04 T 1J(0g) = dpxit(e)-
m Takingv, = —i¢*, k=1,2,... for T'S", we obtain
0w, () = Li(£)(C) = ¥ F(C).

m Takingyv , = —i( %, k=1,2,... forT'S", we obtain
dv_, (f) = L_k(f)(C) = very difficult expressions

m Commutators:

[Lfrm Ln] — (TL — m)Lm—l—m [L—na Ln] — 2nL07

whereLq(f)(z) = zf'(2) — f(2). Lo corresponds to rotation.
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Kirillov’'s vector fields

m Observe that = 04 T 1J(0g) = dpxit(e)-
m Takingv, = —i¢*, k=1,2,... for T'S", we obtain
0w, () = Li(£)(C) = ¥ F(C).

m Takingyv , = —i( %, k=1,2,... forT'S", we obtain
dv_, (f) = L_k(f)(C) = very difficult expressions

w Itis easily seen from

fe(2) = e7¥ f(e2) = f(2) +ie(2f'(2) — f(2)) + o(e).
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Virasoro algebra

® Virasoro algebra (complex) is a central extension

Lins Lulvir = (M = 1) Lo + 50(n* = 1),

c € C.
We concentrate our attention W

® In affine coordinates we get Kirillov’'s operators:

Lj 8]- -+ Z(k’ = 1)ck8j+k aj — (9/(90]',

k=1

IE- 1.2 ...
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Algebraic structure of L-K

n
_ _ it <
gt z=w((t)=eC+... .
4 N
// \\Q(5>
/ N
§ // \\\ L
1 { 0 N
\\ Q(t) \|
\ J
\ /
\ /

—_——_—— = -

m Qt) C Q(s) ast < s.
» The Lowner-Kufarev equation

w(C, t) = Cuw'(¢,t)p(¢,t), Rep((,t) >0, [¢] <1
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Curve in coefficient body

B f(z,t) =e w(z,t)=2(14> " cu2™);
m smooth curve(c(t),...,c,(1),...);
= tangent vectoré, 0y + -+ + ¢ 0p + ..oy O = 5o

® recalculationinanewbasi{d.,...,L,,...}

101+ 460+ =u L1+ .. ugLy + ..

Workshop on Holomorphic Iteration, Semigroups aritvber Chains, September 200%.31/54



Curve in coefficient body

® The Lowner-Kufarev equation

w(¢,t) = Cw'(¢,t)p(¢.t), Rep((,t) >0, [¢]<1.
B f(z,t) =etw(z,t) = 2(14+ >0 cn2™);
®m compare with the Lowner equation
— (L0+U1L1—|—UnLn—|—)f,
wherep(z,t) =1+ uz + - +u, 2" +....

8L, =0, + 3 (k4 Dewborr  Luf(z) = 271 (2).
k=1
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Curve in coefficient body

B compare with the Lowner equation
f = (61004 + 0 +...)f = 2f'p(2,8) — f =,
= (Lo+w Ly +...un L, +...)f,
wherep(z,t) =1+ uz + - +u, 2" +....
mL,—0,+ kf; (k+ 1)cebnins  Lnflz) = 2 F(2).

1
w Whatis/,”
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Curve in coefficient body

B compare with the Lowner equation
f = (61004 + 0 +...)f = 2f'p(2,8) — f =,
= (Lo 4+ wi1Ly + ... upLp +...)f,
wherep(z,t) =1+ uz + - +u, 2" +....
mL,—0,+ ki (k+ 1)cebnins  Lnflz) = 2 F(2).

1
» The answer iIs in the normalization

fz,t) = 2(1 + 2l ea(t)27)
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Dynamics

B [he dynamicsvithout normalization and subordination
B f(z,0) =ao(t)z+a(t)z* +...;
W tangent vectorigdy + - - + a0, + ... ;

» recalculation in the new basis

] Ln:a06n+2&18n+1—|-...,an:%,nzo,l,...;
|| &nf — Zn+1, Ln(f) — Zn+1f/,

.

f26181—|—‘|‘0n8n‘|‘:Zf,p(zyt):UOLO+ulLl+UnLn+

wherep(z,t) = ug + w1z + - -+ +up2” + .. ..
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Projections

The dynamics is performed in the space of co-dimension 1.

A
A

On, L,

81; Ll
We consider two projections: w.rd, and w.r.t. /..
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tic form of projections 09,

(2,t) = o f(z,t) =2+ 222 + . ..

[y = zFp(z,t) — @Fl,
ao



Analytic form of projections 0,

B (2,t) = = f(z t) =2+ 22+ ..

ao

[y = 2Fp(z,t) — @Fl,

70
WhEFEuO:Z—g.
H
é10] &40 A= Lo+ uly o w, L, ..

whereLoFy = ug(zF) — Fy), Li,Fy = 2"t F) (in particular,

ap = ¢! = Lowner-Kufarev)c, = o O = @

B [he LOowner PDE is an analytic form of the recalculation of the
tangent vector from the basig to the basid.,, and the
projection w.r.t.ag = €.
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tic form of projections L

(2,t) = f(z-2,1) :z—l—g—%z2+...

: < éLO
Fy = zFop(—,t) — —2F,,
2 2p(a0 ) g 2



tic form of projections L

(2,1)

:f(%z t)=2+2 22—|—

[y = ZFz’P(a—O t) — a_OZF2/7

hereu, = Z—g

ereLy Iy = 2F71FY, ¢ = 4, O = 5o
Qg it




utators

all cases:
(f) = 2"t f' forn =1,2,3,...

(f) = 2"t f forn=0,1,2,3,...
(f) =2""f' forn=1,2,3,...,



Commutators

® In all cases:

mL,(f)=z:"tf'forn=1,2,3,...
mL,(f)=z""fforn=0,1,23,...
mL,(f)=z"tfforn=1,2,3,..., Lo=zf -],

TheWitt commutator relation is
m{L,L,}=(m—n)L,n,.
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Coefficient bodies

m Curves within the coefficient bodie®t,, = (¢1, ¢, ..., ¢p),
flz,t) =2(1+> " cu(t)z™), f € S.

mForn =1, M; = {|ci| <2};

® Forn = 2 non-trivial

m A. C. Schaeffer, D. C. Spencé&pefficient Regions for Schlicht
Functions, American Mathematical Society Colloquium
Publications, Vol. 35. American Mathematical Society, New
York, 1950.
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Body M

Crossections

(Cl,RECQ,lm (32) (Recl,lm 61,62)
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Curves in M,

= The operatord., restricted ontoM,, give truncated vector
flelds

n—j
Lj=0;+ Z(k + 1)ck 051k
k=1

m Lete(t) = (e1(t),. .., c,(t)) be a smooth trajectory in4™;

m L, are differential 1-st order operators. The operator
s elliptic.
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Hamiltonian

® Turning to co-vectord,, — [, we write the Hamiltonian
defined on the co-tangent bundle

(c,e,%,9) = ZW

where

Iz = wk - Z Cﬂbkﬂ

The co-vectors)y, correspond (0))2
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ltonian system



Geodesics, Lagrangian

Results:
Wil =u,k=12...,n;
=g = 0 — k)i
m H=>"_|lk|* =const, along geodesics,
» LagrangianL = (¢,¢) — H = 3>, |ug

2

2

® turning tooco dimension and to the Lowner-Kufarev equation,
L = ||pll3p-
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Some conclusions

® The Lowner-Kufarev PDE can be considered as an algebraic
recalculation of basis.

® From this point of view, the driving term(z, t) does need to
be of Rep > 0.

m Alternate Lowner equation.

» One of the reasons: Brownian motion on Jordan curves.
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Brownian motion on Jordan curves

® We consider the canonical Brownian motion on the group of
diffeomorphisms of the unit circle and on the space of Jordan
curves.
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Brownian motion on Jordan curves

® The regularized canonical Brownian motion on Diff is a
stochastic flow orb* associated to the It6 stochastic
differential equation

dg;,t — dCQZ,t (g;,t) ;

©.@)

x2n
=Y
where{z,} is a sequence of independent real-valued Brownian

motions and- € (0, 1) and the series faf; ,(0) is a Gaussian
trigonometric series.

(t) cosnb — xo,_1(t) sinnf),
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Brownian motion on Jordan curves

® Kunita’'s theory of stochastic flows asserts that the mapping
0 — g, .(0) is aC> diffeomorphism and the limit
lim g7, = g, exists uniformly inf. The random

r—1—

homeomorphisng, . Is calledcanonical Brownian motion
Diff St. (Airault, Fang, Malliavin, Ren, Zhang). ;
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Brownian motion on Jordan curves

® The canonical Brownian motion given on D can be
defined also on the space@f°-smooth Jordan curves by
conformal welding.

® No subordination, alternate behavior.
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L-K representation again

® Any univalent functionf : U — Q, f(2) = 2+ c12* + ...
(f € S) can be represented as a limit

f(z) = lim e‘w(z,1t).

t—00
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L-K representation again

® Any univalent functionf : U — Q, f(2) = 2+ c12* + ...
(f € S) can be represented as a limit

f(z) = lim e‘w(z,1t).

t—00

® The function( = w(z, 1),

w(z,t) =e "2 (1 + Z Cn(t)zn> :

satisfies dw
dt
with the initial conditionw(z, 0) = z.

= —wp(w, 1),
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L-K representation again

® Any univalent functionf : U — Q, f(2) = 2+ c12* + ...
(f € S) can be represented as a limit

f(z) = lim e‘w(z,1t).

t—00

® If p(z,t) is analytic inz € U and smooth iU = U U S*, then
w(z,t) analytic, univalent i € U and smooth i/ = U U S".
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ltonian system for ODE

e Hamiltonian system

d(etu;iz,t)) — elw(1 — p(w, 1)) =




Hamiltonian system for ODE

® The Hamiltonian system

d(etu:i(tZ,t)) _ etw(l — p(w, 1)) = 65_%[ = {H, @}

» Hamiltonian is

dz

H [ cu)-pi0.0)660E, 6@ =3 v

(2, t) is holomorphic inU,
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Hamiltonian system for ODE

® The Hamiltonian system

A — ettt = plunt) = 3 = (1.7).
® Hamiltonian is
H= [ cwle1-pl( 0,000, an ,
¥(z, 1) is holomorphic in(/
@ 28— (0 ) — w0, 0)0 = O = (1, )
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Hamiltonian system for ODE

® The Hamiltonian system

A=) — 1= 0) = 52 = (.7}
® Hamiltonian is
; - dz —
H [ cu)-pi0.0)660E, 6@ =3 v

(2, t) is holomorphic inU,

= The conservative quantity i(z) = e‘w/(z, 1)1 (z,t). All
equations are given on the unit cirgle = 1.
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Conservative Quantities

m ConsideringL(z) <o = [e'w'(z,t)(2,t)] <o We get the
Kirillov’s fields

Z k' = 1 Cka]+k,
k=1

wherey,, is the co-vector fop,.
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Conservative Quantities

m ConsideringL(z) <o = [e'w'(z,t)(2,t)] <o We get the
Kirillov’s fields

Z ]f = ]. Cka]+k,
k=1

wherey,, is the co-vector fop,.

® The operatord.,, are defined on the co-tangent space to the
classS (smooth onS?).
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Conservative Quantities

m ConsideringL(z) <o = [e'w'(z,t)(2,t)] <o We get the
Kirillov’s fields

Z k' = ]. Ckaj+k,
k=1

wherey,, is the co-vector fop,.

® The Witt commutator relation is’.,,. L, | = (m —n)L, ...
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Conservative Quantities

m ConsideringL(z) <o = [e'w'(z,t)(2,t)] <o We get the
Kirillov’s fields

Z k = ]. Cka]+k,
k=1

wherey,, is the co-vector fop,.

m Consideringelw’(z,t)1(z,t)]> we get analogous fields, but
the mixed commutatornd.;, £,,] do not satisfy Witt relation.
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Conservative quantities for the Lowner-Kufarev ODE with a
smooth driving term represehblomorphic coordinates of the
Virasoro algebra

These conservative quantities are the Kirillov’s opematorthe
representation of the Virasoro Algebra.

Alternate Lowner-Kufarev PDE is the correspondence
TS" « T'Sof old and new complex structures on the Virasoro
algebra.
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How can the antiholomorphic part of the Virasoro algebra be
realized within Lowner-Kufarev theory?

Brownian motion on Jordan curves: the dimension of the
Intersection of the curves locally?

Authentic Lagrangian and Hamiltonian formulation of Lowne
evolution?

The same question for the Laplacian growth?
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The End
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