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Notations

A {ZECI‘Z‘<1}

A: {ZECZ‘Z‘SI}

aAZ{ZECZ‘Z‘ZI}

Hol(A, D) - the set of all holomorphic functions on A
which map A intoaset DcC

Hol(A) := Hol(A, A) - the set of all holomorphic self-
mappings of A



Iterations

Let /' € Hol(A) be a holomorphic self-mapping of the unit disk

F,(z)=z

FF((?\ F(2)=F()
i . FR(=FF@)
K HO R )= F(()

If F,G e Hol(A) then
FoG=GolF = F oG, =G,oF




Classification

F € Hol(A)

i

P~

with an interior

hyperbolic arabolic
fixed point A P
elliptic self-mappings | .
automorphisms which are not automorphic| | nonautomorphic

automorphisms
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Self-mappings with an interior fixed point

F 1s an elliptic

Fixed point: F(7)=7, 7€A

automorphism of A

£ (2)
Fz(z)(?

n —> o

N !

F 1sn’t an elliptic

automorphism of A




Self-mappings with no interior fixed point

There is a boundary point 7 € A such that lIm F| (z) — 7

n—»0

0<F'(r)<1
[ n— oo
/'./— .
/ NT X Hyperbolic type:
2\‘\(7 ;)F3< 0<F'(r) <1
F(z F(z

A

p

1(z

Parabolic type:
F'(r)=1

0|
1(4

()F( T
7) F3(2)

N
Ny
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Commuting self-mappings

F,G € Hol(A) which are different from the identity mapping
FoG=GoF = F,G are of the same type:

parabolic, hyperbolic, or with an interior fixed point.

M. H. Heins (1941)
If FeAut, (A), then G € Aut, (A)

If F'is of hyperbolic type, but F* ¢ Aut(A) 5 Gis of parabolic type

C. C. Cowen (1984)
If F, G are not automorphisms, then they are of the same type

F1s ot hyp.type, F' ¢ Aut(A) = G ¢ Aut (A)




Continuous Semigroups

A family S = {E }tZO - HOI(A) is called
a one-parameter continuous semigroup if

(i) E+S(Z)=E(FS(Z)) for all t,Se[O,oo) and zeD
(i7) li%}E(z):z for all zeD

The local continuity condition (ii) implies the differentiability of S
with respect to the parameter t > 0 (Berkson&Porta (1978)). The
limit
: —F
lim = ’(Z) = f(z), zeA

t—0" {

defines a holomorphic function on A, which is called the
(infinitesimal) generator of S. g



Generators and Semigroups

There 1s a unique

f(2)=

point 7 & K such that
(Z—T)(l—ZZT)p(Z), z €A,

with Re p(Z) >0 forall zeA

The point t is the
of the semigroup

Denjoy-Wolff point (attractive fixed point)
generated by f.

F '(T) il e—f'(f)f
t

F'(z) =+

. ]}"'((;)) e—f'(f)f(l . e—f'(f)t) f'(T) -+ ()

/M@ f(1)=0



Commuting Semigroups
FoF =FoF, Vs,t=0

Let S, ={F}.,, S,=1{G}.,be two continuous semigroups

We say that two semigroups commute if’
FoG =G, oF, Vs,t=0
Suppose that /oG, =G, o [y

Problem: o

EoG=GoF # Fo°G=GoF, Vst>0
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FoG=GoF and F,G are
different from the i1dentity

— S = 0s 5 =1G b0
are of the same type

U o € Hol(A)

4

automorphisms

P~

With an i.nterior hyperbolic anreiE
fixed point
elliptic self-mappings | .
automorphisms which are not automorphic| |nonautomorphic

IT




Semigroups with an interior fixed point

T S ={F}.,.S,={G} ., semigroups of self-mappings
which are not automorphisms

FoG=GoF = FoG =GoF, ¥st20

t 5o S ={F}., asemigroup of elliptic automorphisms

FZ(ZF]((Z) ﬁ\ with a common fixed point at 7 € A

S § and §,={G}., are commuting iff
G(D)=mfe* m) acC mE)=r—.

Corollary 1.G,(z)=m,, (e"pf m, (Z)) for some @ € R
S, =1} 0.5, ={G } ., semigroups of elliptic automorphisms:
FoG=GoF = FoG=G,oF, ¥s1>0
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Semigroups with an interior fixed point

I —> ©

S ={F} 20,5, ={G } ., semigroups of self-mappings
which are not automorphisms

FoG=GoF = FoG =GoF, ¥st20

(o S ={F}., - a semigroup of elliptic automorphisms

FZ:((Z) N with a common fixed point at 7 € A

N ﬁl > §5,={G},., - a semigroup of self-mappings
FloG =G oF, = FoG =G oF, Vs2>0
Grallapie. FI{ZZ()Z-)- QM mr(z)) for some peR

27 i
If 7 7 an imadSAATRber, ReR(2)20 VzeA
F oG £GG.E G=F FiaG (5 bus B, Sgsdat®t commute
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Semigroups of hyperbolic type

I —>

— Hyper’bolic type:
N\ O0<Fl(r)<l

F ()| RG)

Z\‘\.,
YN EoG =GoF = FoG =G oF, V¥s,t>0

{E }t>0 C HOI(A)
/

with an interior fixed point| | hyperbolic
N

elliptic self-mappings which
automorphisms ||| are not automorphisms

S — Aut(d)
S,  Aut(\) ¥




Semigroups of parabolic type

parabolic

/

AN

automorphic
lim p(F, (2), F,(2)) > 0

nonautomorphic
lim p(F, (2), F,.,(2)) = 0

zZ,WweA

The Poincaré hyperbolic metric:

l—khn (zﬂ

@MO——og

w—2z
W(Z)—l—_

— WZ

{p(Fn (Z),Fn+1(2))} - a non-increasing sequence
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Semigroups of parabolic type

Let S, ={F}.y.9, =1G }., be semigroups of parabolic
nonautomorphic type. Then

FoG =GoF = FoG =GoF, Vs,t>0

Let at least one of the semigroups S,,S, 1s of automorphic type.

fyg < C*(7)
f(r)y=0, g'(r)=0

then  FoG =G oF, = FoG =G oF, Vs,t>0
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Summary

)z < Hol®)
/ y \
with an interior fixed point| |hyperbolic parabolic
. e ~ et ~,
elliptic self-mappings which automorphic| |nonautomorphic
automorphisms||| are not automorphisms y
, EGEL
S, < Autd) )
g (r)#0
S, ¢ Aut})
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Open questions
?
FoG=GoF = FoG =GoF, V20,520

lim J/(2) %0 lim 8(2) #0 - semigroups of hyperbolic type
IT T —7Z >t T—2Z
Iim i (Z) 0, lim—2 (2) . -semigroups of parabolic type
zT (T_Z) zT (T_Z)
lim f(Z) 0, lim g(2) s -semigroups of parabolic
e (T —Z ) a2 (T — ) nonautomorphic type
lim J(2) £ 0, lim g(2) -#0 for some «a€|0,2]

zT (T—Z)a+1 zT (T—Z)
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Open questions

Conjecture
Iim J (Z)aH #0, Iim g(z)(m #0 for some e [0, 2]
ZT (T—Z) ZT (T—Z)

U

FoG =GoF = FoG =GoF, Yt>0,5>0

Question Do there exist two semigroups of parabolic type
such that

F oG, =G,oF, butforsome ¢, =0,s,=0

F oG, #G oF,?
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Angular Asymptot

ic Characteristics

< Dilation case If lim| arg

[—>0

F. Jacobz[)n S Reigh

-G

the semigroups coinci

up to res¢

,(Q) jh()lkhet &M.LE.

0, then
aling and\, consequently, commute

% Hyperbolic case /lim
{—0o0

[arg ra}
-G

(2)

the semigroups commute /

lim

[—>0

[ r
arg
n
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Repelling points

N

Suppose that there 1s a point 7 € 0A, 1 # 7,
such that f(#) =0 and Zlim Sz

z—n Z_77

exists.

Then for some point we A , the orbit
F (w) e A can be extended for all real ¢

t

and tlimF; (w) =1.

If there is a nonempty openset D C A |, where

lim arg 4 —E(w) =0 for all weD
o n-Gq, (W)

then the semigroups coincide up to rescaling and, consequently,

commute.

o)
L1




Thank you for your attention!
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