Two Ruguty Theorems for Holomorphc

Generatrs of Contmuous Semigroups




Main notations:
AZZ{ZECZ‘Z‘<1} B: {XEH:HXH<1}

AZZ{ZECZ‘Z‘S].} Biz{XeHZHXHSI}

0A=1{zeC:|7|=1 0B = {x e H :|x|=1}

(x,y) - the inner product of x,y B

Hol(D, E) - the set of all holomorphic mappings on a
domain DcH whichmap D intoaset Ec H

Hol(D) := Hol(D, D) - the set of all holomorphic self-
mappings of D




The rigidity problem:

X  Given: aBanachspace X
adomain Dc X
a mapping G:D— X

The question: F:D X o
F(r)=G(r), 7eD .= F=G onD
FY>r) =G (7)




Angular limits and K-limits:
The angular approach region at 7.

K < [(r)={zeA: |z-1<oll-|4)} o>1

Z .

\/1 - Angular limit g:A—>C
Zlimg(z) =:9(7)

£limg'(z) = g'()

The Koranyi approach region at 7 .

D, ()= {x eB:[1-(x7) <%(1—H>4\2)}
K-limit f:B—> H
K—Ilimf(x)= f(7)

X—>T

K—IXimf'(x):: f'(7)




Restricted K-limit Restricted curve T ending at 7 :

I':[01)— B
y(t) =(I(t),7)r

1 iim IFO=7OF
t>1" ] — 7(0”

ly(t)—7
R 40]

Restricted K-limitL of f :Br—»H at 7 :
If for each restricted curve T ending at 7, lim f(I'(t))=L.

t—>1

Remark. f may have a restricted K-limit at z € 0B
without having a K-limit at 7 .

‘SA<oo (0<t<])




Weak restricted K-limit

We say that the weak restricted K-limitof f :Br—~ H at 7 €0B
equals M e H if foreach ue H ,

(f(x),u)>(M,u)
as X tends to 7 along every restricted curve ending at 7.




Semigroups: {Ft}

t>0

< Hol(D), DcH

() F(F.(x)=F.,.(x), Vs,t>0, VxeD
(i) tIirg] F(X)=X, ¥xeD

Generators:

1

f(X)=lim=(x-F(x)), f:D—H

t—=0"




Proposition 1. Let f € Hol(A, C) be the generator of a one-parameter
continuous semigroup on A. Suppose that for some z € 0A

Zlim ') =0. A T
Z—)r‘z ,Z-‘ Kv
Then f =0 on A. £ i
f(zr)=f'(r)=f"(r)=f""(r) =0 \/

Theorem 1. Let f € Hol(A,C) be the generator of a one-parameter
continuous semigroup on A. If for somer € 0A, there Is a sequence

{z.}*, = A converging nontangentially to 7 such that

lim f(z) =0,

k

Az,
f
1
then f(z)=0 on A. &/




Proposition 2. Let f € Hol(B, H) be the generator of a one-
parameter continuous semigroup on B . If for some 7 € 0B,

then f(x)=0 on B.

Theorem 2. Let f € Hol(B,H) be the generator of a one-

parameter continuous semigroup on B. If for some r €0B, the
weak restricted K-limit of

f(x)
[x—f"
equals O, then f(x)=0 on B.




Lemma 1. Let p e Hol(A,IT"), where IT* :={zeC:Rez > 0}.

Suppose that for some z € 0A, there is a sequence {z, },_, C A

converging nontangentially to = such that the limit

o = lim P2

kool —77,
exists finitely. Then « > 0. Moreover, if « =0, then p(z)=0 on A.




Lemma 2. Let f € Hol(A,C) be a generator on A. Suppose there
are a point reo0A and a sequence {z, },_, < A converging
nontangentially to r such that the limit

f = lim {2

k—o0 Zk — T
exists and Is nonnegative. If f does not vanish identically on A,
then 7z iIs the Denjoy-Wolff point of the semigroup generated by f .

Proof. Let ¢ € A be the Denjoy-Wolff point of the semigroup. Then
f(2)=(z-¢)1-cz)p(z), zeA, Rep(z)=0.
f(z,) p(z,)

p=tlim 2y B )AZGIPZ) g e PLZD
k—>00 Zk —7 koo Zk —T k—00 Tzk — ] Lemmal
. 4
= B=0 = 7r=¢ or lim _p( k):O

If  lim p(z"):O = p=0 = f=0. 3S07=c¢

k — o0 ZTZk _1 Lemma 1




Theorem 1. Let f € Hol(A,C) be the generator of a one-parameter
continuous semigroup on A. If for somer € 0A, there Is a sequence

{z.}7, = A converging nontangentially to = such that

. f(z T

k—>oo‘zk _T‘ o, ,
then f(z)=0 on A. Q/
Proof.

Iimf(zk):O — is the Denjoy-Wolff point of th i
- .~ , 7 isthe Denjoy-Wolff point of the semigroup

= f(z2)=(z—-7)1-72)p(z), Rep(2)>0, zeA
||m f(zk) =|im(zk_z-)(1_fzk)p(zk)Z—flim p(zk)

o0 (z, —7)" Ko (z,—7)’ R T

imP%) g o p@)=0 - f(@)=0.

3

K—o0 Zk —T Lemma 1




VvV F eHol(A), f=I1-F Isaholomorphic generator

Fz) =2 +0lz,— ) as k>0 = F(2)=z

Example. F(w,,w,)=(w,,0)

7=(1,0)
{Zk }okozl = {(1_1/k10)}f:1

F(z,)=12, VK




Theorem 2. Let f € Hol(B,H) be the generator of a one-

parameter continuous semigroup on B. If for some 7 €dB, the
weak restricted K-limit of

f (x)
3
[x—7|
equals O, then f(x)=0 on B. 3
Proof. me Aut(B), m(z)=7z, m(0)=y
— P x—sQ, X
I\/Iy(x):y ¥~ 5Qy , XxeB,
1-(x, y)

RX)=0 R (X)= LY >y,

i

Q=1-K S:Vl_HyH Mgley

nyzl\/lyr m=M oU




M.Elin, S.Reich and D.Shoikhet, Dissertationes Math., 2004

f (w)=m'(w)™"f(m(w)), weB isagenerator on B
g(2) =(f,(z7),7), zeA isageneratoron A
g(r) = <[m'(rr)]‘1 f (m(rr)),r>, re[0,1)

[':[0)—B, I'(r)=m(rz), 0<r<1isarestricted curve:

1 fim -7 (tZH -0
ot 1=y

Im(rz) - (m(re), z)e| ) | (1—r)Q\y\2 —\<y,;>\2)

e e =




2. Hy(t)_THsAmo (0<t<l)
-y

Hr—<m(rr),r>ru g ‘1—<m(rr),r>‘ _ ‘1—<m(rr),r>‘2 | 1+|m(rz)
1—H<m(l’f),T>Z'H ~ 1-|m(ro)| 1—Hm(”)H2 \1—<m(rf),f>\

‘1—<m(rr),r>‘ - Ll_—r

1—Hm(rr)H2 1+r’
2
1-(y,
where L :=i<m(ZT),T> :‘ ¥ Tf‘
o = 1]y
Hr—<m(rr),r>rH < Ll— r 1+|m(rz) . 1 L

1—”<m(rr),r>r” 1+ .‘1—<m(l’2'),2'>‘




g(r) = <[m'(rr)]‘1 f (m(rr)),r>, re[0,1)

g(r) _ |m(re)-f < f (m(re))
|

(M U
(1-r)° (1-r)° \m(rr)—rHS[ y(m(”))], yr>

The weak restricted K-limit of H j (X)H3 at 7 € 0B
X—7

equals0 = foreachueH,

10
x|

as X tends to r along every restricted curve ending at 7 .

9 _,

= lim >

= ¢g(z)=0on A

r—1- (]__ r) Theorem 1




<[m’(ZT)]‘1 f(m(zr)),7)=0, VzeA
z=0:
(@)™ f(y).7)=0, vyeB

(F0)y=e+y e =(r.y)y)=0, ¥yeB

Show: (f(y),x)=0, ¥xeH

Y=Yt + y
{ f(y) = f,(y)r+ f(y)

(L-%.-51°) ) = @-y) (F(»).9) vyeB

i_: 1). f,(y)=0 VvyeB
dy,

2). (f(1).9)=0 vyeB




(f(y).9)=0 vyeB

<f(y),§/>:O VyeB

Let o be aunit vector orthogonal to 7 : (o,7)=0, |o]=1

y=Yy,0+u
{ f(y)=f,(y)o+v(y)

f,(Y)¥, =—(v(y),u) VyeB

f,(y)=0 VvyeB

f(y)EO vVyeB
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