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m Controllability of Quantum Systems

® Quantum Control on the boundary




m Time dependent Schrédinger Equation

ov

m /(t¢)is a family of self-adjoint operators

m The solution of the equation is given in terms of a
unitary propagator

e U:RXxR = UH)
o U(t,t>—]IH
° U(t,s)U(s,r) =U(t,7)

m U(t) = Ult,ty)Vy is a solution of Schrodinger’s
Equation with initial value ¥,



11ty Of TInite Dimensional Quantu

m Finite dimensional quantum System H = C”
B Simple situation. Linear controls:

8\11
Yot

m H,, H, self-adjoint operators (Hermitean matrices).

= (Hy+c(t)H,) ¥

m ¢c:R—>C Space of controls

m Use the controls to steer the state of the system
from Wy — Wy



)IHITY Of TINnIte dimensional Quantun

m Study the dynamical Lie algebra:
Qie{iH(), ZHl}

B The reachable set of U is the orbit through ¥, of
the exponential map of the dynamical Lie algebra.

B The finite dimensional quantum system is control-
lable if the dynamical Lie algebra is the Lie algebra
of U(N).



funcation or tne narmoni

Harmonic Oscillator

oV 1d?v 1, 1,5,
— = ———— + 2"V ol = | = tg| W
i 2d$2+2x + c(t)x 2(]9 +q°) + c(t)q
1\
pU = _id_ qV = 2V(x)
m Harmonic Oscillator algebra:
1 1

al = R a=—ati) | Nl

Nin) =nln)  d'ln) =vn+1n+1)  aln) =+/nln—1)




Funcation ot tne narmonic

H, Harmonic Oscillator

Hy
ov | 1d2W 1, 1
— = ——— thrvl= | =(p* + ¢* t)q| v
i 2dx2+2$ + c(t)x [2(]9 +q°) + c(t)q
)
pU = _@'d_ qV = zV(x)
| dz \ /
m Harmonic Oscillator algebra:
1 1

al = ﬁ(q —ip) a = E(q + ip) N = ala

Ni) =nln) | alln) = VAT In+1) | al) = Valn - 1)

m Generators of the dynamic:

1
Hy=N+ - H, = (CLT—I—G,)
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runcation of the fAarmonic

m Finite-dimensional approximation by the first n eigen-
states

(Hp)ij = (i|Holj) (HY)ij = (3| Holj)




. fruncation o e fnarmonic C

m Finite-dimensional approximation by the first n eigen-
states

(Hg)ij = (8| Holj) (HY)ij = (i|Holj)

m The finite dimensional approximation is control-
lable for all n

dim Lie{iHy,iH,} = n’



dDRIITY OT The Aarmonic Y

m Generators of the dynamic:

1 1
Hy= N + = H =—(+a
0= =Bt

m Dynamical Lie Algebra of the Harmonic Oscillator

[a,a"] =1 [N, a| = —a [N, a'] = a'

1
©Hy, i H] \/i[ ]

(aJr —a) =1ip = iH,

.
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HaDIlItYy OT tne narmonic Us

m Generators of the dynamic:

1 1
Hy=N + = H=—(a"+a
0= Ty 1= Rl +a)

m Dynamical Lie Algebra of the Harmonic Oscillator

a,a'] =1 IN,a] = —a [N, a'] = a

iHo,iH1] = iHy [iHy,iHy) = iHy  [iHy,iHs) = il = iH,




‘ollab| (o) e narmonic Osc

m Generators of the dynamic:

1
Hy=N + = H =@ +a
0 ‘|‘2 1 \/§< )

m Dynamical Lie Algebra of the Harmonic Oscillator

[a,a'] =1 IN,a|l = —a [N, a'] = a'

iHy,iH| =iHy [|iHy,iHs) =iH, [iH,1Hs] =il = iH;
m Four dimensional Lie algebra!

m The infinite dimensional Harmonic Oscillator is not
controllable.



dDRIITY OT The Aarmonic Y

m Why is it controllable for finite dimensions?

m Consider the 3-level truncation (n =0, 1, 2)

atln) = vV + Iin + 1) aln) = v/n — 1)

0 0 0 01 0
al=11 0 0 a= 100 2
0 v/2 0 00 0

m What happens with the dynamical Lie algebra?

(a' + a) p=

1
(]—E




11aDl OT INTINIte aimensionail S\

Approximate Controllability: A linear control system is ap-
proximately controllable if for every ¥y, ¥; € S and every
e > ( there exist T' > 0 and ¢(¢) C C such that

H\Ijl — U(T, to)\IJQH < €

m Reasonable for infinite dimensions

m Hilbert Space is defined as equivalence classes
of convergent sequences

m |s natural to expect this if one has exact controlla-
bility of every finite dimensional subsystem



~ Approximate controlianility

m Consider the Linear Control System:

8\11

6’t (H0-|—C( )Hl)\lf

e H,, H; are self-adjoint.
e {d,},en O.N.B of eigenvectors of H,
e &, c D(H,) foreveryn e N
m The linear control system is approximately con-

trollable with piecewise constant controls if[Cham-
brion, Mason, Sigalotti, Boscain 2009]:

® (A1 — \u)nen are Q-linearly independent.
® <H1q)n, (Dn+1> % 0 for any n c N



m Controllability of Quantum Systems

® Quantum Control on the boundary




Juantuy ontrol a e pounaan

Time dependent Schrédinger Equation

H(t) is a family of different self-adjoint extension
of the same operator

(H,D(c()))

Advantage: There is no need to apply an external
field

Problem: Even the existence of solutions of the
dynamics is compromised.



arying Quasiperiodic Boundary

0 2m
d’ _ o[ & $(0) = e™m¢(2m)
HO — T 49 DO& _ {¢ €L ‘deQH < 00, qb’(O) — ez‘27ra¢/(27r)
m This is a family of self-adjoint operators depending on «
e Eigenvalues: (n — a)?
e Eigenfunctions: ¢, (z) = e'“e™

m Assuming that the parameter o depends smoothly with time
this is unitarily equivalent to:

2
H(t) = [z— — a(t)] +a(t)x Dy = “Periodic Boundary Conditions”




/ing Quasiperiodic Boundz

ZE\IJ [fzr,g — a)*V + 0a¥  Quantum Faraday Law

do

Particle Moving in a circular
wire

Magnetic flux of intensity 27 |
y 4

Theorem [Balmaseda, lbort, P.P]:

The one-dimensional Laplacian with quasi-periodic bound-
ary conditions is approximately controllable.



gnetic Lapiacian on pilanar grag

m One can generalise this to more general planar
graphs.

m There is a correspondence between families of
self-adjoint extensions of the Laplacian and Mag-
netic Laplacians on graphs.

Oz0
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