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Mikoláš Janota . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

2



Patricio Almirón . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
Ricardo Mamede . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
Wolfram Bentz . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
Xabier Garćıa Mart́ınez . . . . . . . . . . . . . . . . . . . . . . . . . . 81

Mathematics of information 83
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Ángela Capel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
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CALCULUS OF VARIATIONS WITH FRACTIONAL DERIVATIVES

DELFIM F. M. TORRES

Abstract. A Calculus of Variations can be formulated to include derivatives of fractional
(non-integer) order. Lagrangians with fractional derivatives lead directly to equations of
motion with nonconservative forces, such as friction, circumventing Bauer’s corollary that
“The equations of motion of a dissipative linear dynamical system with constant coefficients
are not given by a variational principle.” We continue the development of the fractional-
derivative calculus of variations, providing a new Lagrangian for which the respective
Euler–Lagrange equations coincide with the equations of motion of a dissipative system.

Fractional differentiation means “differentiation of arbitrary order”. Its origin goes back
more than 300 years, when in 1695 L’Hopital asked Leibniz the meaning of d

n
y

dxn for n = 1
2 .

After that, many famous mathematicians, like Fourier, Abel, Liouville, and Riemann, among
others, contributed to the development of Fractional Calculus [11].

In 1931, Bauer proved that it is impossible to use a variational principle to derive a single
linear dissipative equation of motion with constant coefficients [4]. Bauer’s result expresses
the well-known belief that there is no direct method of applying variational principles to
nonconservative systems, which are characterized by friction or other dissipative processes.
It turns out that fractional derivatives provide an elegant solution to the problem. Indeed,
the proof of Bauer’s theorem relies on the tacit assumption that all derivatives are of integer
order. If a Lagrangian is constructed using fractional derivatives, then the resulting equation
of motion can be nonconservative. This was first proved by Riewe in 1996/97 [9, 10], giving
rise to the beginning of the Fractional Calculus of Variations (FCV). For those interested
on the FCV we refer to the books [1, 2, 6, 7] and the survey papers [3, 8].

In 2015, Caputo and Torres introduced a duality theory between the left and right frac-
tional operators [5]. Roughly speaking, they have shown that the right fractional operators of
a function are the dual of the left operators of the dual function or, equivalently, the left frac-
tional derivative/integral of a function is the dual of the right fractional derivative/integral
of the dual function. Here we use such duality theory to provide a new perspective to the
FCV and obtain a new Lagrangian for which the respective Euler–Lagrange equations coin-
cide with the equations of motion of a dissipative system. In contrast with the example of
Riewe, and others available in the literature, our quadratic Lagrangian for the linear friction
problem is a a real valued Lagrangian involving let-hand side fractional derivatives only.
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SOME RECENT DEVELOPMENTS ON STRUCTURED
DEFORMATIONS

ANA C. BARROSO, JOSÉ MATIAS, MARCO MORANDOTTI, DAVID R. OWEN,
AND ELVIRA ZAPPALE

Abstract. In this talk I will describe the theory of structured deformations introduced
by Del Piero and Owen in [1] as well as a generalization to hierarchies of structured
deformations introduced in [4]. Moreover, in order to describe the phenomena of yielding,
hysteresis, and dissipation which are central aspects of the plastic behavior of solids,
a non-local term in the light of [2], can be introduced. Departing from this Mechanical
framework, I will describe the variational approach in [3] as well as our recent contributions
to the theory in [5] and [6].

Introduction

In classical theories of the mechanics of continua, the macroscopically observable changes
in geometry of a continuous body in N -dimensional physical space are identified with
smooth, injective mappings g from a reference region ⌦ ⇢ R

N into R
N , typically with

N 2 {1, 2, 3}. The mechanical response at a point x in ⌦ to such a “classical” deformation
g of the body depends upon the nature of the material composing the body. Elastic bodies
provide the simplest example of mechanical response: the energy stored per unit volume
at x depends only on the N ⇥ N matrix rg(x), the classical gradient at x of the smooth
deformation g of ⌦.

Among the variety of models of material behavior that describe departures from elastic
response, many incorporate the effects of geometrical changes at submacroscopic levels, i.e.,
changes that are not observable with the naked eye. In this spirit, Del Piero and Owen
[1] envisioned a way to account for the effects at the macroscopic level of not only smooth
submacroscopic geometrical changes, but also the effects of non-smooth geometrical changes
(disarrangements) at both submacroscopic and at macroscopic levels. The theory of Del
Piero and Owen features objects of the form (g,G), (first-order structured deformations)
where g : ⌦ ! R

d is the deformation at the macroscopic level and G : ⌦ ! R
d⇥N is the

deformation gradient at the sub-macroscopic level.
The variational approach to continuum mechanics involves the introduction of an energy

functional which associates with any deformation u of a body an energy, whose minimizers
are the equilibrium configurations of the body (possibly subject to external loading). The
typical energy functional that is considered features a bulk contribution, measuring the de-
formation (gradient) throughout the whole body, and an interfacial contribution, accounting
for the energy needed for fracturing the body. The general form of such an energy, for simple

The talk at the 8IMM 2022 has been given by the second author.
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deformations u : ⌦! R
d, is

(1) E(u) =

Z

⌦
W (ru(x)) dx+

Z

Su\⌦
 ([u](x), ⌫u(x)) dH

N�1(x),

where W : Rd⇥N ! [0,+1) is the (possibly non-linear and non-convex) bulk energy
density and  : Rd

⇥ S
N�1

! [0,+1) is the interfacial energy density. The singular set Su

is the discontinuity set of the deformation u and ⌫u(x) is the unit normal vector to Su at x.
The explicit dependence of  on the normal ⌫u models the presence of anisotropies in the
material.

Energy (1) contains two very well known and studied models in mechanics: by taking
W (⇠) = 1

2 |⇠|
2 and  (�, ⌫) ⌘ 0, one has the classical Dirichlet energy for linear elasticity; by

taking W (⇠) = 1
2 |⇠|

2 and  (�, ⌫) = 1, one has the Griffiths model for fracture mechanics:
indeed, the second term reduces to H

N�1(Su), measuring the length or the area (for N = 2
and 3, respectively) of the crack.

Assigning an energy to a structured deformation (g,G) is not a straightforward task. The
proposal in [3] is to give the structured deformation (g,G) the energy of the most economical
approximation, namely, for every (g,G), we define

(2) I(g,G) := inf
n
lim inf
n!1

E(un) : un  (g,G)
o
,

where  indicates a suitable sense of convergence yet to be specified: un ! g, run ! G.
In particular, it is evident that the process described is a relaxation process; therefore
a suitable function space for structured deformations must be introduced and a suitable
notion of convergence must be specified.

In [5], in order to describe the phenomena of yielding, hysteresis, and dissipation, multi-
scale geometrical changes are described via structured deformations (g,G) and the non-local
energetic response at a point x 2 ⌦ via a function  of the weighted averages of the jumps
[un](y) of admissible deformations un at points y within a distance r of x. These weighted
averages account for non-linear contributions of [un]. This averaging contribution is coupled
with the model of Choksi-Fonseca in [3].

In [4], Deseri and Owen extended the theory of [1] to hierarchies of structured deforma-
tions in order to include the effects of disarrangements at more than one sub-macroscopic
level. This extension is based on the fact that many natural and man-made materials ex-
hibit different levels of disarrangements. Muscles, cartilage, bone, plants and biomedical
materials are just some of the materials whose mechanical behavior can be addressed within
this generalized field theory. The energetic relaxation to first order structured deformations
of [3] is extended to hierarchies of structured deformations in [6].
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AUTOMATED REASONING IN GEOMETRY BY MEANS OF
COMPUTER ALGEBRA: REAL AND COMPLEX ISSUES

M. PILAR VÉLEZ

Abstract. Our aim is to report the current development in GeoGebra of geometric
automated reasoning tools by means of computational algebraic geometry algorithms.
We describe our approach by providing algorithms, using computer algebra methods,
for confirming/refuting theorems (or for discovery new ones) over some given geometric
configuration. Then we attempt to address some pending issues concerning the automatic
reasoning in the real case, but with some limitations. Thus, we do not consider the
inclusion of inequations in the formulation of the statement, rather we focus on finding
some framework over the reals that follows closely the complex case, to profit from a
possible real/complex interaction, as the complexity of the implemented complex geometry
algorithms is usually much better than that of the algorithms we should use over the reals.
We will provide a first detailed proposal to address these issues, exemplified through a
particularly motivating example (Clough’s conjecture).

Extended abstract

Roughly speaking, GeoGebra’s automated reasoning tools for elementary geometry im-
plement the algorithmic approach of [9] and [7]. It involves translating hypotheses H and
thesis T into sets of equations, and checking the inclusion V (H) ⇢ V (T ) of the correspond-
ing zero-sets over an algebraically closed field, such as the complex field.

But this straightforward formulation is hardly useful in practice, as V (H) often includes
unexpected instances where the thesis does not hold, e.g. related to limit cases such as lines
defined by two points, when these two points coincide, or to lines parallel to a given one
passing through a point, when this point happens to lie in the given line, etc. Thus, the the-
oretical framework in [9] included a more sophisticated proposal, involving the algorithmic
detection and marginalization (in some sense) of these degenerate instances, by highlighting
a distinguished set of geometrically meaningful, free variables, ruling V (H). Finally, the
initial inclusion test V (H) ⇢ V (T ) is reconsidered and conducted by means of algorithms
concerning the elimination of the ideals (H,T ⇤ t � 1) and (H,T ) over the chosen set of
relevant variables, leading to the concepts of “generally true”, “generally false” or “true on
parts” when the output of the corresponding elimination is different or equal to zero.

The quite successful performance of this approach (see [1, 8]) relies, among other rea-
sons, on the choice of the complex algebraic geometry context –and its highly developed
algorithms–for developing the theoretical framework. It has three counterparts: one, it
implies reasoning (stating its truth or failure) over all complex instances of elementary ge-
ometry statements; two, a lack of precision on the choice of signs, when lenghts, angle

Partially supported by the grant PID2020-113192GB-I00 from the Spanish MICINN.
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bisectors, etc. are involved, as the chosen theoretical framework avoids including inequa-
tions in the description of V (H); likewise, no statements concerning inequalities can be
approached in this context.

The first drawback seems, in practical terms, not very relevant, as it seems most state-
ments being true over the reals are also true over the complexes (see [2] for a detailed
comment and many references to this long-time standing complicated relation).

The second issue has been subject to different analysis and proposals, such as the use
of MEP (Minimal Euclidean Polynomials) (see [6]) to keep working in the complex setting,
but with some special consideration to the sign-choice problem.

The third problem, about handling inequalities, has been partially addressed in some
cases through the consideration of the associated equality and of non-automatic reasoning
analysis of the output to detect the impact of signs, for example, in [3].

Of course, it is obvious that deciding, algorithmically, some statement H ! T , over the
reals (even including inequations in its formulation), can be addressed through real elim-
ination of quantifiers, as described in [2], where the current quite successful approach to
automated reasoning implemented in GeoGebra (see [8]) is summarily analyzed from the
theorem-proving-over-the- reals issue, highlighting, as main difficulties to adapt quantifier
elimination algorithms for the real context, the need to reconsider the concepts of compo-
nent, dimension, degeneracy, of the Hypotheses variety, as well as the elimination algorithms,
mentioning succintly that they should be replaced by some projection tools.

In this talk we attempt to address some of this pending issues concerning the automatic
reasoning in the real case, but with some limitations, motivated by the complexity of the
implemented complex geometry algorithms which is usually much better than that of the
algorithms we should use over the reals. Thus, we do not consider the inclusion of inequations
in the formulation of the statement, rather we focus on finding some framework over the
reals that follows closely the complex case, to take advantage of a possible real/complex
interaction that allows us to describe in an analogous way the geometrical situation posed.

The goal is to provide a first detailed proposal to address the above mentioned issues,
exemplified through a particularly motivating example, Clough’s conjecture. This conjecture
is about equilateral triangles and was introduced by De Villiers in [4, 5].
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ALGEBRAIC TECHNIQUES FOR PHYLOGENETIC
RECONSTRUCTION

MARTA CASANELLAS, JESÚS FERNÁNDEZ-SÁNCHEZ, AND MARINA GARROTE-LÓPEZ

Abstract. In the last years there has been an increase in the use of algebraic tools in
phylogenetic reconstruction. As a Markov process of substitution of nucleotides along
a phylogenetic tree can be viewed as a polynomial map, it is natural to use tools from
algebraic geometry and computational algebra in this setting.

We will explain how these tools are used in phylogenetics and we will introduce the
use of semi-algebraic constraints, which mirror the probabilistic nature of the parameters
used. We will show advantages and disadvantages of the use of these algebraic methods
using real and simulated data.

Introduction

Phylogenetics studies the evolutionary history of living species. Species evolution can be
represented in a phylogenetic tree where leaves stand for current species and interior nodes
represent their ancestral species. Phylogenetic inference is done via genomic sequences and
has an impact beyond scientific curiosity: it is used to identify the origin of new pathogens
(as it has been the case for SARS-Cov2 virus), it helps designing biodiversity conservation
policies, and can be useful on the traceability of cancer cells, among other examples.

Markov processes are the natural way of modeling the substitution of nucleotides (or other
characters) along a phylogenetic tree T . These processes can be understood as polynomial
maps 'T between two affine spaces, whose images contain the set of distributions on the
leaves of the tree that arise from such Markov processes. By studying these images Im'T

from the point of view of algebraic varieties, one can provide tools that allow to distinguish
between distributions that have arisen on different trees (i.e. tools to decide which tree is
most plausible to have generated the given data).

1. Algebraic constraints

Allman and Rhodes proved that, if p is a distribution that has arisen on a tree T and e

is an interior edge of T that splits the leaves of T in A|B, then flattening p according to
the distribution A|B gives rise to a matrix of rank four at most (see [1]). On the contrary,
flattening p according to a bipartition not consistent with any edge of T , gives rise to a rank

The first author has been partially supported by Spanish Government Agencia Estatal de Investigación,
PID2019-103849GB-I00 AEI and CEX2020-001084-M AEI..
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16 matrix (in general). Thus, looking at the rank of these flattening matrices gives a clue
for reconstructing the tree structure. The original result of Allman and Rhodes worked for
the general Markov model of nucleotide substitution and was extended to other models in
[3].

These tools have been used to develop a few phylogenetic reconstruction methods, for
example Erik+2 ([6]) which considers a normalization of these flattening matrices. This
method is restricted to four-leaved trees, but it provides weights that can be used as in-
put of quartet-based methods (methods that build large phylogenetic trees by using as key
ingredients the reconstruction of four-leaved trees).

2. Semi-algebraic constraints

On a related work, Allman, Rhodes and Taylor [2] studied the constraints on Im'T

that are a consequence of the probabilistic nature of the parameters in the domain. These
parameters must be non-negative, which implies that their image through 'T lies in a semi-
algebraic variety. The semi-algebraic constraints can be easily be translated on flattening
matrices with linear algebra techniques. They have been used to design in a new phylogenetic
reconstruction method SAQ, see [4], which considers both the rank conditions mentioned
above and these semi-algebraic constraints. Although this method is targeted for four-leaved
trees, it also provides weights to be used as input of quartet-based methods and we have
recently implemented it in [5].

We shall see how these methods work and, with real and simulated data, what is the
improvement of SAQ over Erik+2. Moreover, we shall discuss the advantages of considering
algebraic tools against traditional tools for phylogenetic reconstruction.
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GEOMETRIC COMPLEXITY FOR STATISTICAL MANIFOLDS

BRUNO MERA, PAULO MATEUS, AND ALEXANDRA M. CARVALHO

Abstract. Model complexity plays an essential role in its selection by choosing a model
that fits the data and is also succinct. Two-part codes and the minimum description length
have successfully delivered procedures to single out the best models, avoiding overfitting.
In this talk, we pursue this approach and complement it by performing further assumptions
in the parameter space. Concretely, we assume that the parameter space is a smooth
manifold, and by using tools of Riemannian geometry, we derive a sharper expression
than the standard one given by the stochastic complexity, where the scalar curvature of
the Fisher information metric plays a dominant role. Furthermore, we present a sharper
approximation to the capacity for exponential families and apply our results to derive
optimal dimensional reduction in the context of principal component analysis. The main
results were published in [13].

Introduction

Two-part codes are an essential tool in model selection. Not only do they optimize the
likelihood of the data given the model, but they also take into account model complexity.
There has been a line of research where one considers, in the most abstract setting, families
of distributions satisfying minimal requirements and derives an expression for model com-
plexity, such as the stochastic complexity, among others [16, 18]. These formulas are sharp
to the extent of the absence of assumptions in the assignment of a probability distribution
to each point in the parameter space. Moreover, it is a rather usual assumption that this
parameter space has the topology of an open subset in R

n.
In this talk, we show that by making additional assumptions on the parameter space and

endowing it with natural information geometric structures, we can arrive at sharper results
by applying techniques from Riemannian geometry. In practice, the parameters of the
distributions are usually taken to live on a smooth manifold, and the distribution is assumed
to vary smoothly with the parameters. However, usually one takes the simplification that
this manifold is a trivial open subset of the Euclidean space. In this work, we will drop
this assumption, hence allowing for non-trivial topologies. Moreover, Information Theory
endows the manifold with a positive (semi-)definite covariant 2-tensor, namely a Riemannian
metric – the Fisher information [2, 1]. Since we are given a Riemannian structure, we have a
natural notion of a uniform distribution over the manifold of parameters, which corresponds
to what is known in the literature as Jeffreys’ prior [12, 7].

The second author has been partially supported by Instituto de Telecomunicações, namely by the Fun-
dação para a Ciência e a Tecnologia (FCT) through national funds, by FEDER, COMPETE 2020, and by
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In the literature, when the parameter space is just a bounded open set in R
n, one can

find the (normalized) maximum likelihood code, defined by

(1) p
⇤(xN ) =

p(xN |✓̂)
R
yN2XN p(yN |✓̂)dyN

.

The associated length was firstly given by Rissanen [16], computed through Laplace’s for-
mula, and has the form

L
⇤(xN ) = � log(p⇤(xN ))

= � log p(xN |✓̂) +
n

2
log

✓
N

2⇡

◆
+ log

Z p
|I(✓)|d✓ + o(1),(2)

where the expansion is stated in terms of the size of the dataset N . Note that throughout the
text, we will consider log to be the natural logarithm which is more convenient in the context
of the present geometrical approach. While in Rissanen’s original work, he considered x

N

beyond i.i.d. processes, in the present work, we will only focus on this case. Observe that
Eq. (2) does not account for the possible dependence of the o(1) term in the dimension of
the parameter space. Indeed, in this work, using techniques from Riemannian Geometry,
we find the sharper formula to the codelength

L
⇤(xN ) 'a.e. � log p(xN |✓̂) +

n

2
log

✓
N

2⇡

◆
+ log volg(M) +

1

6N
R(✓̂) + O

✓
1

N2

◆

| {z }
o(1) as a function of N

,(3)

where three classical geometric invariants can be easily identified, namely: (i) the dimension
of the manifold n, (ii) the Riemannian volume volg(M); and (iii) the Ricci scalar curvature
R(✓̂) evaluated at the maximum likelihood estimate ✓̂. The above equation holds almost
everywhere in the sense that the left-hand side and the right-hand side converge with prob-
ability 1 to the same random variable. While in Eq.(2) the term log

R p
|I(✓)|d✓ is precisely

the logarithm of the Riemannian volume, we choose to write it explicitly to highlight its
geometric nature. Note that the scalar curvature might be very large as a function of the
dimensionality of the data involved. We will illustrate this effect by showing how the latter
quantity explicitly depends on n for the case of Gaussian models. Indeed, nowadays, data
is becoming very high dimensional, in particular, the number of variables (related to n) is
becoming comparable to the number of samples N . Hence, terms that were before negli-
gible might have a very strong dependence on n and one needs sharper formulae that take
into account this dependence. Furthermore, we remark that the methods from Riemannian
geometry used in the current work to write down the sharper formulas can be systemati-
cally used to derive higher orders approximations. In particular, near ✓̂, one can use the
expansion in normal coordinates of Jeffreys’ prior, i.e., the square root of the determinant
of the metric, together with a higher order Taylor expansion of � log p(x|✓) and use stan-
dard Gaussian integration methods to do so. This is reminiscent of the methods used in
asymptotic expansions of heat kernels in geometry used for instance, in modern proofs of
instances of the Atiyah-Singer index theorem [5]. Although geometric approaches [6, 19, 15]
and very sharp formulas [21], some of them based on average properties [8, 9], were already
derived in the past, they did not attain the sharpness of O(1/N2) achieved in this work
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To derive the codelength given by Eq. (3), motivated by the results in [3], we follow a
Bayesian approach considering Jeffreys’ prior and we adapt Laplace’s method to manifolds,
using canonical Riemann normal coordinates to our advantage. The complexity of density
estimation and their relation to two-part codes has been made explicit by Barron and
Cover [4]. With this observation, Eq. (3) can be interpreted as a codelength of a two-part
code, where the stochastic complexity [16] is refined taking into account the geometry of
the statistical model, and therefore we call such refinement the Geometric Complexity.

Along the same lines of the above results, one can obtain a sharper expansion of the
average case minimax redundancy eRN (M) in the context of a statistical manifold M . In
particular, we will consider exponential families parametrized by a bounded open subset of
Euclidean space with the non-trivial geometry provided by the Fisher metric. We stress
that the geometry induced by the Fisher metric is in general non-trivial due to the following
observation: for dimensions greater than two, if one takes a Riemannian metric different
from the standard Euclidean one, the associated Riemann tensor will be non-vanishing.
Nevertheless, the hypotheses for the capacity theorem by Haussler [10] are still satisfied and
hence the average case minimax redundancy equals the capacity for the case at hand.

We show that the capacity CN (M) is given by

eRN (M) = CN (M) = log volg(M) +
n

2
log

✓
N

2⇡e

◆
+

1

6Nvolg(M)
S(g) + O

✓
1

N2

◆
,

where S(g) =
R
M

R(✓)dVg is the Einstein-Hilbert action functional [11, 20, 14] evaluated at
the Fisher information metric g. This provides yet another hint on modern views relating
information, complexity and gravity [17].

We apply our results to a very well-established method for dimensional reduction, namely,
Principal Component Analysis (PCA). In particular, our results yield a natural criterion for
the choice of the optimal dimension by adapting the two-part code given in Eq. (3) to zero
mean Gaussian families with varying covariance. The underlying parameter space is the
manifold Pm of positive definite matrices, with reduced dimension m ⇥m which we want
to optimize, equipped with the Fisher metric. We considered a bounded subset M(s) of
Pm, controlled by an integer s that is the smallest integer such that Id  ⌃  22sId, where
⌃ = XX

T
/N is the empirical covariance matrix and Id is the d⇥d identity matrix. We also

assume that each component of the data is written as an integer multiple of the precision
for each variable, and therefore the volume depends on the precision and not in a particular
system of units. For this particular case, the formula becomes

L
⇤(xN ) 'a.e. � log p(xN |Q̂) +

m(m+ 1)

4
log

✓
N

2⇡

◆
+ log volg(M(s))�

(m+ 2)m(m� 1)

24N
,

where

log volg (M(s)) =�
3

2
m log(2)� log(m!) +m log(2) +

m(m+ 1)

4
log(⇡)

� log

0

@
⇡

1
4A

3
2G

⇣
m

2 + 3+(�1)m

4

⌘

2
1
24 e

1
8

1

A� log
⇣
G

⇣j
m

2

k
+ 1

⌘⌘
+ log I(s),
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A is the Glaisher constant, G is the Barnes G-function, and

I(s) = s
m (log(2))m 8

m(m�1)
4

⇥

Z

[0,1]m

Y

1i<jm

sinh (s log(2)|ui � uj |)
mY

i=1

dui,

whose asymptotic behavior with s is studied in the published paper [13]. Notice that the
fourth term of Eq. (3) does not appear in our expression, since it is exactly zero for Gaussian
models. Remarkably, the curvature term is negative due to the hyperbolic nature of the
geometry of Gaussian statistical models, which brings a negative correction to L

⇤(xN ). This
correction is expected to be particularly relevant for high dimensional data.
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STATISTICAL INFERENCE WITH SYNTHETIC FUNCTIONAL DATA
DERIVED FROM POINT PROCESSES WITH APPLICATIONS

W. GONZÁLEZ-MANTEIGA, M. I. BORRAJO, AND I. FUENTES-SANTOS

Abstract. A common question when a given point process is observed in more than one
population is whether those patterns share the same structure or they can be partitioned
in a certain number of groups. To address this issue, recent advances on nonparametric
inference for point processes are needed. In this talk we focus on kernel estimators of the
first-order intensity and nonparametric tests for comparison of two point patterns.

Moreover, clustering algorithms, such as the k-means, can be used to classify a num-
ber of observed point patterns into groups. To tackle this problem we move from the
point process framework with intensity functions, to the space of density functions. We
describe the particularities of this space, and analyze the requirements, implementation
and limitations of the k-means algorithm for classification of density functions.

The methodology presented is applied to different real data problems: COVID-19 in-
fections and deaths in Spain, wildfires in Galicia (north-west Spain) and crime events in
Rio de Janeiro (Brazil).

1. INTRODUCTION AND MOTIVATION

Point processes are mathematical models generating a random number of events on a
measure space, S. These processes appear in many different real problems in a wide variety
of fields: ecology, geology, forestry, epidemiology, urban security,... A common problem in
those scenarios is that of population comparison, i.e., several point patterns are observed
in a same domain, and we are interested in determine whether those patters come from
one, two or even more different populations. Formally, we want to group these patterns
according to their underlying point processes.

To address these problem we will focus on three different illustrations in different fields:
• COVID-19 infections and deaths: in this context we observe unidimensional

point patterns recording the number of cases on a certain period of time in different
regions (Spanish provinces). We want to group the underlying processes generating
those patterns in the different provinces according to their intensity, which in this
case depends on a temporal variable and the synthetic data is then unidimensional.

• wildfires: we were provided with a very complete data set recording wildfires in
Galicia (north-west Spain) during several years. In this data set, the cause of the
wildfire was recorded, and we want to determine if the spatial distribution of wildfires
in Galicia varies (or not) depending on this cause.

This work has been partially supported by Grant PID2020-116587GB-I00 funded by MCIN/AEI/
10.13039/501100011033.
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• crimes or road accidents: these are actually two different examples, which share
a common complexity, i.e., the observation domain. Both, road accidents and crimes
occur on the road network, so, they ‘do not live’ any more on the euclidean space
but on what is called a graph. This fact increases the complexity of the problem
in both methodological and computational sides, but the idea is the same: we want
to determine for example if the road accidents on a Monday are the same as on a
Saturday, or if the spatial distribution of crimes with fatalities is the same of those
where nobody was injured.

The main difference addressing this problem and a “classical” population comparison, is
that in the latter the essential object for the comparison are the samples themselves, where
in this new context, we are classifying intensity functions, more specifically estimations of
intensity functions obtained from point patterns. Hence, we find ourselves working with
synthetic data, particularly functional synthetic data.

As it has been defined by the European data protection supervisor, the concept of synthetic
data generation is to take an original data source and create new, artificial data, with
similar statistical properties. Keeping the statistical properties is crucial, and it means that
by analysing the synthetic data, the same conclusions as those of analyzing the original
data set should be drawn. The main idea behind synthetic data is that they are artificially
created data rather than being generated by actual events, so they are not obtained by direct
measurement. This is exactly what happens with our intensity estimates. The estimates
do not come from direct observation, but from applying a certain procedure (estimation in
this case) to the observations themselves.

2. NONPARAMETRIC METHODS FOR POINT PROCESSES

Defining mathematical tools to address this particular problem, requires a deep knowledge
of point processes and nonparametric inference. Let X be a point process defined in a
bounded region W ⇢ S. Let X1, . . . , XN be a realisation of the point process where N is
the random variable counting the number of events. The first-order intensity is defined as:

�(x) = lim
|dx|! 0

E[N (dx)]
|dx|

,

where |dx| denotes the measure of an infinitesimal region containing the point x 2 W ⇢ S.
Intuitively, �(x) measures the expected number of events per unit measure and, conse-
quently, characterizes the distribution of the point process. This is a non-negative func-
tion whose integral is the expected number of events, so, relying on this idea, it is almost
straightforward to build a sort of “artificial density function”, known as the density of events
locations:

�0(x) = �(x)/m,

where the intensity factor, m =
!

W �(x)dx, is the expected number of events lying on W .

Both the intensity and density of event locations can be estimated by kernel smoothing.
In the euclidean space, the kernel estimator of the density of event locations is

ö�0,H (x) = ( pH (x)N )" 1
|H|

" 1/ 2
N"

i =1

K

#
H

" 1/ 2 (x�Xi )
$

1[N 6= 0](1)
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where 1[·] is the indicator function, H is a bandwidth parameter, K denotes a kernel func-
tion, KH (x) = |H|

" 1/ 2
K

%
H

" 1/ 2
x

&
, and pH =

!
W |H|

" 1/ 2
K(H " 1/ 2(x � y))dy is an edge

correction term. When d > 1, the bandwidth parameter, H, is a symmetric and positive-
definite matrix and |H| is the determinant of H. [2] proved the consistency of (1) and
proposed a plug-in bandwidth selector for inhomogeneous spatial point processes.

Taking advantage of the consistency of ö�0,H (x), and of the relationship between the
density of event locations and the density of multivariate distributions in Rd, inference tools
developed for the latter can be extended to the point process framework. In this line, a
Cramer-von Mises and a no effect test have been proposed to compare the distribution of
two spatial point processes, see details in [3]. Moreover, [1] addressed the particular scenario
of the two-sample problem for point processes with covariates.

3. CLASSIFICATION ALGORITHM FOR POINT PROCESSES

Classification is the problem of identifying which of a set of categories or groups, an
observation (or observations) belongs to. Focusing on point processes observed in the one-
dimensional Euclidean space for simplicity, our aim is to classify a set of Poisson point
processes {Xi}

n
i =1 observed in a given interval S = [ a, b] ⇢ R into K groups, conditioning

on point processes in each group share a same distribution. To address this problem, we
estimate the corresponding first-order intensity function {ö�i (x)}n

i =1 , moving from the point
process framework to the intensity space, ! . As argued by [4], this space can be seen as
a product metric space ! = D ⇥ ! S, where D ⇢ {f : S ! R+ ;

!
S f (x)dx = 1} denotes

the spaces of density functions in S, and ! S = R+ the space of intensity factors, which
determine the shape and expected number of events (size) of the point process, respectively.

Therefore, we can use a L
2 product metric, d, between a given pair of intensity functions

�1 = ( m1, f2) and �2 = ( m2, f2) given by

(2) d (�1,�2) =
%
d

2
D (f1, f2) + d

2
E (m1,m2)

&1/ 2
,

where dE is the one-dimensional Euclidean metric and dD is a metric in the density space.
Considering this decomposition, the structure of point processes relies on the density of
event locations and, consequently, our problem can be reduced to that of classifying density
estimates in groups.

Let {Xi}
n
i =1 be a set of point patterns observed in a bonded interval S, and { öfi (x), x 2

S}
n
i =1 the kernel estimators of their densities of event locations. Let assume that these point

processes belong to K categories characterized by the densities of events locations {fk}
K
k=1 ,

referred as centers. Classification of the n density estimates into the K groups can be con-
ducted by a k-means algorithm in the space of density functions, D. Intuitively, the density
estimates can be considered as functional data, and the k-means algorithm for functional
data could be used to proceed with classification. However, D is not a Hilbert space, and
consequently, statistical procedures for functional data evaluated on a Hilbert space can
not be directly applied here. In particular, we cannot use the L

2 distance as discrepancy
measure in the k-means algorithm.
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Following a common practice for statistical modeling and computing of densities, we
should conduct the classification in a representative space. These spaces have been mainly
defined under two perspectives, the functional and object-oriented approaches, see details in
[5]. In this work we use both of them; we propose a transformation approach for functional
data representation, as well as two object-oriented metrics to determine the discrepancy
between density functions. The selection of these metrics is also a crutial point in the
development of this methodology.

• Transformation approach (L2-LQD): density curves can be treated as functional
data after transformation into a Hilbert space. Here we use the log-quantile density
(LQD) transformation, and the L2

�distance in the transformed space:

dLQD (f1, f2) =
' ( 1

0

%
 LQD (f 1) (x) �  LQD (f 2) (x)

&2
dx

) 1/ 2

,

where  LQD (f ) (·) denotes the LQD-transformed density.
• L2-Wasserstein distance (L2-WS): this is an optimal transport distance that

measures the cost of transporting one distribution to another in the object-oriented
framework that can be defined in general spaces. For absolutely continuous distri-
butions, it can be defined as the L2

�distance between the corresponding quantile
functions, Qf j , j = 1 , 2:

dW (f1, f2) =
' ( 1

0
(Qf 1 (r) �Qf 2 (r)) 2

dr

) 1/ 2

.

• Fisher-Rao distance (FR): this is the spherical geodesic distance between square
root densities:

dF R (f1, f2) = arccos
' ( b

a

*
f1(x)f2(x)dx)

)
,

where arccosdenotes the arco-cosine function. The square root of a density lies on
the Hilbert unit sphere, so dF R measures the length of an arch connecting

p
f1 and

p
f2 along this sphere.

In addition to the selection of the metric, the determination of the number of groups
is also crucial. Assuming that K is known is not realistic in practice, and can lead to
a misclassification. For this reason, calibration procedures to determine the number of
groups prior to run the classification algorithm are required. This problem has already been
addressed in [6] for regression curves and it is an ongoing work we are tackling for intensity
estimates.

4. APPLICATION TO COVID-19

One of the main motivations for tackling this problem is the COVID-19 pandemic. Since
March 2020 we have been suffering one of the most important sanitary emergencies of the
last centuries. Spain was very affected by this pandemic, specially in its beginning. Our
national health system is decentralised, i.e., every region manages its own health system,
even though they are given directions from the national government.

An important administrative division in Spain are provinces (the level below regions),
and we are interesting in comparing the behaviour of the COVID-19 infections and deaths



STATISTICAL INFERENCE WITH SYNTHETIC FUNCTIONAL DATA DERIVED FROM POINT PROCESSES WITH APPLICATIONS5

in these provinces. We have gather daily records of infections and deaths in every province
from March 2020 until March 2022 (from this point on, the way of counting cases and deaths
has changed in Spain). In Figure 1 we can see the total number of cases and deaths per
province in Spain.

Figure 1. Total number of COVID-19 cases (left) and deaths (right) per
province in Spain from March 2020 to March 2022.

For each province, with the temporal point patterns given by the daily number of cases
(deaths) we have estimated the corresponding density of event location using kernel methods
as detailed in Section 2. These estimated curves, for both cases and deaths, can be seen in
Figure 2.

Figure 2. Temporal density estimates of cases (top) and deaths (bottom)
per province in Spain from March 2020 to March 2022.
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After applying the classification methods with the appropriate distance measures, the
results of the grouped densities can be seen in Figure 3.

Figure 3. Result of the classification in groups of the temporal intensity
functions of cases (top) and deaths (bottom).

These results can be easily translated into Spanish administrative map in order to see
the spatial distribution of these groups. These results are presented in Figure 4.

Figure 4. Result of the classification algorithm for cases (left) and deaths (right).

We have classified COVID-19 cases into 3 groups (Figure 3, top), provinces in group
1 (red) suffered higher incidence during the second and third wave than those in groups 2
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(green) and 3 (blue), but lower incidence during the last wave. Provinces in group 3 reported
the lowest incidence during the second and third wave and a slower incidence decrease than
group 2 in the last wave.

Figure 3 (bottom), shows that the classification of deaths patterns is dominated by the
first wave, where provinces in group 1 suffered higher incidence than those in group 2. Once
classified the infection and death patterns and identified the provinces in each group (Figure
4), our next aim is to check the effect of demographic and socioeconomic factors, as well as
the different COVID-19 mitigation strategies, on those patterns.
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NONLINEAR FRACTIONAL SCHR…DINGER EQUATIONS COUPLED
BY POWERÐTYPE NONLINEARITIES

EDUARDO COLORADO AND ALEJANDRO ORTEGA

Abstract. In this work we study the following class of systems of coupled nonlinear
fractional Schršdinger equations,

!
(! !) su1 + ! 1u1 = µ1|u1|2p! 2u1 + " |u2|p |u1|p! 2u1 in RN ,

(! !) su2 + ! 2u2 = µ2|u2|2p! 2u2 + " |u1|p |u2|p! 2u2 in RN ,

where u1, u2 " W s, 2(RN ), with N = 1 , 2, 3; ! j , µj > 0, j = 1 , 2, " " R, p # 2 and
p ! 1

2p
N < s < 1. We prove the existence of positive radial bound and ground state

solutions provided the parameters ", p, ! j , µj , (j = 1 , 2) satisfy appropriate conditions.
We also study the previous system with m-equations,

(! !) suj + ! j uj = µj |uj |2p! 2uj +
m"

k =1
k "= j

" jk |uk |p |uj |p! 2uj , uj " W s, 2(RN ); j = 1 , . . . , m

where ! j , µj > 0 for j = 1 , . . . , m # 3, the coupling parameters " jk = " kj " R for
j, k = 1 , . . . , m, j $= k. We prove similar results as for m = 2 , depending on the values of
the parameters p, " jk , ! j , µj .

Introduction

In this work we study the existence of positive solutions to the following system of coupled
nonlinear fractional Schršdinger (NLFS) equations,

(1)

!
(! !) su1 + ! 1u1 = µ1|u1|2p! 2u1 + " |u2|p|u1|p! 2u1 in RN ,

(! !) su2 + ! 2u2 = µ2|u2|2p! 2u2 + " |u1|p|u2|p! 2u2 in RN ,

where uj " W s,2(RN ) with N = 1 , 2, 3; ! j , µj > 0 for j = 1 , 2, the coupling factor " " R,

p # 2 and
p ! 1

2p
N < s < 1. We also study the previous system withm-equations,

(2) (! !) suj + ! j uj = µj |uj |2p! 2uj +
m"

k=1
k"= j

" jk |uk |p|uj |p! 2uj ,

The authors are partially supported by MCIN/AEI/10.13039/501100011033, research project PID2019-
106122GB-I00. They are also partially supported by the Madrid Government (Comunidad de Madrid) under
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and in the context of the V PRICIT (Regional Programme of Research and Technological Innovation).

The talk at the 8IMM 2022 has been given by Alejandro Ortega.
1



2 EDUARDO COLORADO AND ALEJANDRO ORTEGA

with uj " W s,2(RN ), ! j , µj > 0, j = 1 , . . . , m # 3, the coupling parameters" jk = " kj " R
for j, k = 1 , . . . , m, j $= k. We prove similar results as for (1), depending on the values of
the parametersp, " jk , ! j , µj .

Problems like (1) have been widely investigated with the classical Laplacian (s = 1 ) in
the last years so it is complicated to give a complete list of references. We refer, among
others, to [2, 3, 5, 6, 11, 13, 15, 16, 18, 24, 25, 26, 29, 30, 32, 34, 36, 37] and references
therein. It is well known that solutions of (1), at least for the classical cases = 1 , are
related to the solitary waves of the Gross-Pitaevskii equations, which have applications in
many physical models, such as in nonlinear optics (cf. [1, 27, 28]) and in multi-species
Bose-Einstein condensates (cf. [10, 31]). Actually, a planar light beam propagating in the
z direction in a non-linear medium, can be described by a vector NLS equation like

i Ez + Exx + #|E|2E = 0 ,

where i , E(x, z) denote the imaginary unit and the complex envelope of an Electric Þeld,
respectively. If E is the sum of two right- and left-hand polarized wavesa1E1 and a2E2,
aj " R, then, assuming# = 1 , solitary wave solutions Ej (z, x) = ei! j zuj (x), where ! j > 0
and uj (x) are real valued functions, provide us with the system

(3)
#

! u##
1 + ! 1u1 = ( a2

1u2
1 + a2

2u2
2)u1,

! u##
2 + ! 2u2 = ( a2

1u2
1 + a2

2u2
2)u2.

If we take the coupling factor a2
1 = a2

2 := " as a parameter and let the coe!cients of u3
j ,

namely µj > 0, to be di"erent, then (3) corresponds to (1) with N = 1 , s = 1 and p = 2 .
Similarly, looking for solitary wave solutions for the NLFS equation in RN ,

i Ez ! (! !) sE + #|E|2E = 0 ,

one arrives to system (1) with p = 2 . We point out that this type of nonlocal di"usion
involving the fractional Laplacian (! !) s arises in several physical phenomena like ßames
propagation and chemical reactions, population dynamics, geophysical ßuid dynamics, as
well as in probability, American option in Þnance or in$-stable LŽvy processes (with$ = 2s)
(cf. [4, 7, 14, 35]). Here we are interested in systems of coupled NLFS equations involving
the so called fractional Schršdinger operator,(! !) s + ! Id, (cf. [17, 22, 23]).

Our main aim is then to give a classiÞcation of positive solutions of (1) and also for the
system with m-equations (2). Precisely, we will prove the following.

-Existence of positive radial ground states under the following hypotheses:

¥ p = 2 and the coupling coe!cient " > " #; see Theorem 3.2,
¥ p # 2 and the coupling coe!cient " satisfying hypothesis (H); see Theorem 4.3.

-Existence of radial bound states when:

¥ p = 2 and " < " ; see Theorem 3.3-(i ) which are positive provided" > 0,
¥ p > 2 and " " R; see Theorem 3.3-(ii ), which are positive when" > 0,
¥ p # 2 and " % 0; see Theorem 3.3-(iii ) and Theorem 4.4. The radial bound states

are positive for " > 0. We also prove a bifurcation result.
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1. Preliminaries and Notation

Given 0 < s < 1, the nonlocal operator (! !) s in RN is deÞned on the Schwartz class of
functions g " S through the Fourier transform,

[(! !) sg]$ (%) = (2 &|%|)2s $g(%),

or via the Riesz potential, (cf. [21, 33]). Observe thats = 1 corresponds to the classical
Laplacian. There is another way of deÞning this operator. In fact, fors = 1

2, the square
root of the Laplacian acting on a functionu in the whole spaceRN , can be calculated as the
normal derivative of its harmonic extension to the upper half-spaceRN +1

+ , this is so-called
Dirichlet to Neumann operator. Based on this idea, Ca"arelli and Silvestre (cf. [9]) proved
that (! !) s can be realized in a local way by using thes-harmonic extension.

More precisely, givenu a regular function in RN , we deÞne itss-harmonic extension to
the upper half-spaceRN +1

+ , denoted by w = Es[u], as the solution to the problem
!

! div(y1! 2s& w) = 0 in RN +1
+ ,

w = u on RN ' { y = 0 } .

The key point of the s-harmonic extension comes from the following identity (cf. [9]),

! #s lim
y% 0+

y1! 2s 'w
'y

(x, y) = ( ! !) su(x),

with #s = 2 2s! 1 !( s)
!(1 ! s) . The above Dirichlet-Neumann procedure provides a formula for the

fractional Laplacian in RN , equivalent to that obtained using the Fourier transform. In
this case, thes-harmonic extension and the fractional Laplacian have explicit expressions
in terms of the Poisson and the Riesz kernels respectively (cf. [8]),

w(x, y) = cN,s y2s
%

RN

u(z)

(|x ! z|2 + y2)
N +2 s

2

dz, (! !) su(x) = dN,s

%

RN

u(x) ! u(y)
|x ! y|N +2 s dy.

The appropriate functional spaces to work with are the Sobolev spacesúH s(RN ) and X s(RN +1
+ ),

deÞned as the completion ofC&
0 (RN ) and C&

0 (RN +1
+ ) respectively, under the norms

( ( ( 2
úH s =

%

RN
|(! !)

s
2 ( (x)|2dx, ( ) ( 2

X s = #s

%

RN +1
+

y1! 2s|& ) (x, y)|2dxdy.

The extension operatorEs : úH s(RN ) ) X s(RN +1
+ ), u *) w = Es[u], is an isometry between

úH s(RN ) and X s(RN +1
+ ), that is, ( * ( úH s = ( Es[* ]( X s for all * " úH s(RN ). Moreover, there

exists C = C(N, s) > 0 such that (cf. [8]), ( w(á, 0)( L 2#
s + C( w( X s for all w " X s(RN +1

+ ).
Along the work we will use the following notation:

¥ E := W s,2(RN ), denotes the fractional Sobolev space with scalar product and norm

(u | v)j =
%

RN
[(! !)

s
2 u(! !)

s
2 v + ! j uv]dx, ( u( 2

j = ( u | u)j , j = 1 , 2.

¥ E := E ' E ; the elements inE will be denoted by u = ( u1, u2); as a norm in E we
will take ( u( 2

E = ( u1( 2
1 + ( u2( 2

2.
¥ for u " E, u # 0 (resp. u > 0) means that uj # 0, (resp. uj > 0), for all j = 1 , 2.
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For u " E , (resp. u " E), we set

F (u) =
1
2p

%

RN
µ1|u1|2p + µ2|u2|2pdx, G(u) =

1
p

%

RN
|u1|p|u2|pdx,

I j (u) =
1
2

( u( 2
j !

1
2p

µj

%

RN
|u|2pdx, #( u) =

1
2

( u( 2
E ! F (u) ! " G (u).

We remark that F and G are well deÞned becausep! 1
2p N < s < 1 guarantees2p < 2'

s which
in turn implies the continuous Sobolev embeddingE +) L 2p(RN ).

Any critical point u " E of # gives rise to a solution of (1). Ifu $= 0 we say that such a
critical point is non-trivial. We also say that a solution u of (1) is positive if u > 0.

DeÞnition 1.1. We say u =( u1, u2) " E is a bound stateto (1) i" it is a critical point of # .

DeÞnition 1.2. A positive bound state u > 0 is called aground stateof (1) if its energy is
minimal among all the non-trivial bound states, namely

#( u) = min { ! (v ) : v " E \ { 0} , ! #(v ) = 0} .

Ground states are candidates to be orbitally stable for evolution equations (cf. [12]).

2. The Nehari manifold and preliminary results

To Þnd critical points of # we will use the so-called Nehari manifold approach. Let us set
$( u) = (# #(u) | u) = ( u( 2

E ! 2p F(u) ! 2p" G (u), then, we deÞne the Nehari manifold as

M = { u " Erad \ { 0} : $( u) = 0 } ,

whererad means radial. Plainly, M contains all the non-trivial critical points of # on Erad .

Proposition 2.1. We have that u " E is a non-trivial critical point of # if and only if
u " M and is a critical point of # constrained to M .

Consequently,M is called anatural constraint for # . The key point of the Nehari manifold
approach is that # is bounded from below onM so that one can try to minimize # on M .

Concerning the Palais-Smale (PS) condition, forN = 1 , we have no compact embedding
of E into L q(R) for any 1 < q < 2'

s. Nevertheless, we will prove that for a given PS sequence
we can Þnd a subsequence its weak limit is a bound state. By the compact embeddings in
the radial case, for1 < N + 3 the PS condition follows by a standard argument.

Lemma 2.2. Assume 1 < N + 3. Then # satisÞes the (PS) condition onM : every
un " M such that #( un) ) c and & M #( un) ) 0 has a strongly convergent subsequence.

Next, we need some existence results for the decoupled equations that allow us to state
the character as critical points of the semi-trivial solutions. To that end, we recall that

(4) (! !) su + u = |u|" u in RN , u " E, u $, 0,

has a unique radial positive solution (cf. [19, 20]) for0 < $ < 4s
N ! 2s . It is clear that, for

any " " R, system (1) has two semi-trivial positive solutions,u1 = ( U1, 0) and u2 = (0 , U2),
where Uj is the unique radial positive solution of

(5) (! !) su + ! j u = µj |u|2p! 2u.
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Thus, if we set Uj (x) =
&

! j

µj

' 1
2p! 2

U(!
1

2s
j x), j = 1 , 2, with U the unique positive radial

solution of (4), then Uj are solutions of (5). Hence, to Þnd non-trivial solutions, one has to
Þnd solutions havingboth componentsnot identically zero.
We are ready to show existence of non-negative solutions of (1) di"erent fromuj , j = 1 , 2.
Let us deÞne" = min { , 12, , 21} and " # = max { , 12, , 21} where

, 12 = inf
# ( Erad \{ 0}

( * ( 2
2%

RN
U2

1 * 2dx
, , 21 = inf

# ( Erad \{ 0}

( * ( 2
1%

RN
U2

2 * 2dx
.

The existence of nontrivial nonnegative solutions to (1) relies on the next result.

Proposition 2.3. The following holds:
(1) If p = 2 , then

(i ) for any " < " , the semi-trivial solutions uj , are strict local minima of # |M .
(ii ) for any " > " #, the semi-trivial solutions uj , j = 1 , 2, are saddle points of# |M .

In particular, we have inf M # < min{ #( u1), #( u2)} .
(2) If p > 2, for any " " R, the semi-trivial solutions uj are strict local minima of # |M .

3. Existence Results

By Proposition 2.1, to Þnd a non-trivial solution of (1) it is enough to Þnd a critical point
of # |M . This will follow from Proposition 2.3 and the PS condition (Lemma 2.2 ifN = 2 , 3).

Proposition 3.1. The following holds:
(1) If p = 2 ,

(i ) for any " < " , the functional # has a Mountain-Pass (MP) critical point u'

on M . Moreover, one has#( u' ) > max{ #( u1), #( u2)} .
(ii ) for any " > " #, the functional # has a global minimum(u on M . Moreover,

one has#( (u) < min{ #( u1), #( u2)} .
(2) If p > 2, for any " " R the functional # has a MP critical point u' on M . Moreover,

one has#( u' ) > max{ #( u1), #( u2)} .

3.1. Existence of ground states. This result relies on Proposition 3.1Ð(1)-(ii ), providing
a MP critical point (u with #( (u) < min{ #( u1), #( u2)} , which will lead to a ground state.

Theorem 3.2. If p = 2 and " > " #, system (1) has a positive radial ground state(u.

3.2. Existence of bound states. Proposition 3.1Ð(1)-(i ), Ð(2)-(i ) provide MP critical
points with energy greater thanmax{ #( u1), #( u2)} and, hence, will not lead a ground state.
The restriction " > 0 arises naturally in order to apply the strong maximum principle.

Theorem 3.3. The following holds:
(i ) Assuming p = 2 and " < " , the system(1) has a radial bound stateu' such that

u' $= uj , j = 1 , 2. Moreover, if 0 < " < " , then u' > 0.
(ii ) Assuming p > 2 and " " R, the system(1) has a radial bound stateu' such that

u' $= uj , j = 1 , 2. Moreover, if " > 0, then u' > 0.
(iii ) If p # 2 and " = -b and |- | small enough, then system(1) has a radial bound state

u'
$ such that u'

$ ) z := ( U1, U2) as - ) 0. Moreover, if " = -b > 0 then u'
$ > 0.
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4. Some results for systems with more than 2 equations

The above arguments allow us to prove weaker existence results for systems withm # 3
equations, indeed to prove existence ofnonnegativebound and ground state solutions. How-
ever, following [25] and [3], we will prove the existence ofpositive radial ground and bound
states respectively. To simplify, we start showing the results for the system

(6)

)
*

+

(! !) su1 + ! 1u1 = µ1|u1|2p! 2u1 + " 12|u2|p|u1|p! 2u1 + " 13|u3|p|u1|p! 2u1,
(! !) su2 + ! 2u2 = µ2|u2|2p! 2u2 + " 12|u1|p|u2|p! 2u2 + " 23|u3|p|u2|p! 2u2,
(! !) su3 + ! 3u3 = µ3|u3|2p! 2u1 + " 13|u1|p|u3|p! 2u3 + " 23|u2|p|u3|p! 2u3.

We have now three explicit solutions of (6): u1 = ( U1, 0, 0), u2 = (0 , U2, 0), u3 = (0 , 0, U3)
with Uj solution of (5). Moreover, there could be solutionsu = ( u1, u2, u3) having one
component equal to 0. Indeed, ifuk , 0, the pair (ui , uj ), i, j $= k, solves (1) with " = " ij .
Then, for any (ui , uj ) solving (1), the function u with the remaining component equal to 0
solves (6). We denote byuij these speciÞc solutions. As in Proposition 2.3, we have:

(1) If p = 2 , then
(i ) the semi-trivial solutions ui , i = 1 , 2, 3, are strict local minima of # |M provided

(7) " ij < , ij - i, j = 1 , 2, 3, i $= j.

(ii ) the semi-trivial solutions ui , i = 1 , 2, 3, are saddle points of# |M provided

(8) - i = 1 , 2, 3, . j $= i such that " ij > , ij .

(2) If p > 2 the semi-trivial solutions ui , i = 1 , 2, 3, are strict local minima of # |M for
all " ij " R, i, j = 1 , 2, 3, i $= j.

Therefore, as in Proposition 3.1, we deduce that
(1) If p = 2 ,

(i ) and (7) holds, the functional # has a MP critical point u' on M satisfying

(9) #( u' ) > max
i =1 ,2,3

#( ui ).

(ii ) and (8) holds, then # has a global minimum (u on M such that

(10) #( (u) < min
i =1 ,2,3

#( ui ).

(2) If p > 2, for any " " R the functional # has a MP critical point u' on M such that

(11) #( u' ) > max
i =1 ,2,3

#( ui ).

As for system (1), one can show thatu' # 0, (u # 0. Nevertheless, although (10) (resp. (9),
(11)) implies that (u $= ui , i = 1 , 2, 3, (resp. u' $= ui ) it does not implies that (u is not equal
to someuij (resp. it does not impliesu' $= uij , for some pair i, j ). Summarizing,

Theorem 4.1. If p = 2 and (8) holds, system(6) has a nonegative radial ground state(u.

Theorem 4.2. The following holds:
(i ) If p = 2 and (7) holds, the system(6) has a radial bound stateu' such thatu' $= ui ,

i = 1 , 2, 3. Moreover, if all " ij > 0, then u' # 0.
(ii ) If p > 2, system (6) has a radial bound stateu' such thatu' $= ui , i = 1 , 2, 3 for all

" ij " R, i, j = 1 , 2, 3, i $= j. Moreover, if all " ij > 0 then u' # 0.
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We can still extend Theorems 3.2 and 3.3 to system (2) withm # 3 equations and
" ij = " ji . A proof similar to [25, Theorem 2.1] allow us to extend Theorem 3.2 to prove
existence of positive ground states for anyp # 2, since this technique does not rely on the
character of the semi-trivial solutions as a critical points (in contrast with Theorem 3.3,
which strongly relies on which type of critical points the semi-trivial solutions are for# |M ,
an inherited feature from Proposition 2.3). For ! > 0 let us deÞne

E(u)=
( u( 2

Em

,

-
-
.

m"

j =1

µj

%

RN
|uj |2pdx +

m"

i,j =1
i != j

" ij

%

RN
|ui |p|uj |pdx

/

0
0
1

1
p

and %! =

%

RN
|(! !)

s
2 U|2 + U2 dx

%

RN
|(! !)

s
2 U|2 + !U 2 dx

.

Theorem 4.3. Assume that, for some! > 0,

m!

j =1

µ j ! p
! j
!

+
m!

i,j =1
i != j

" ij

"

! ! i
!

! ! j
!

# p
2

> m 2

$
%

&
max

1" j " m
µ j

'
!

! j

( p # N
2s ( p # 1)

+ max
1" i,j " m

i != j

" ij

"
! 2

! i ! j

# p
2 # N

2s

)
p
2 # 1

2

* +
,

-
,(H )

then, system(2) has a positive radial ground state(u. Moreover, the ground state(u is given,
up to a Lagrange multiplier, by inf

u( Em \{ 0}
E(u).

We prove the existence of apositive bound stateof system (2) for " ij small enough.

Theorem 4.4. If " jk = -bij for i, j = 1 , 2, . . . , m, i $= j and |- | small enough, then system
(6) has a radial bound stateu$ such that u$ ) z := ( U1, U2, . . . , Um ) as - ) 0. Moreover,
if " ij = -bij > 0 then u$ > 0.

References

[1] N. Akhmediev, A. Ankiewicz. Solitons, Nonlinear pulses and beams. Champman&Hall, London , 1997.
[2] A. Ambrosetti, E. Colorado. Bound and ground states of coupled nonlinear Schršdinger equations. C.

R. Math. Acad. Sci. Paris , 342, no.7, (2006), pp. 453-458.
[3] A. Ambrosetti, E. Colorado. Standing waves of some coupled nonlinear Schršdinger equations. J.

Lond. Math. Soc., 75, no. 1, (2007), pp. 67-82.
[4] D. Applebaum. LŽvy processes and stochastic calculus. Second edition.Cambridge Studies in Advanced

Mathematics, 116. Cambridge University Press, Cambridge, 2009.
[5] T. Bartsch, Z.-Q. Wang. Note on ground states of nonlinear Schršdinger systems. J. Partial Di!erential

Equations, 19, no. 3, (2006), pp. 200Ð207.
[6] T. Bartsch, Z.-Q. Wang, J. Wei. Bound states for a coupled Schršdinger system. J. Fixed Point Theory

Appl. , 2, (2007), pp. 353Ð367.
[7] J. Bertoin. LŽvy processes.Cambridge Tracts in Mathematics , 121. Cambridge University Press, 1996.
[8] C. BrŠndle, E. Colorado, A. de Pablo, U. S‡nchez. A concave-convex elliptic problem involving the

fractional Laplacian. Proc. Roy. Soc. Edinburgh Sect. A, 143, no. 1, (2013), pp. 39Ð71.
[9] L. A. Ca!arelli, L. Silvestre. An extension problem related to the fractional Laplacian. Comm. Partial

Di!erential Equations , 32, no. 7-9, (2007), pp. 1245Ð1260.
[10] S.-M. Chang, C.-S. Lin, T.-C. Lin, W.-W. Lin. Segregated nodal domains of two-dimensional multi-

species Bose-Einstein condensates.Physica D, 196, (2004), pp. 341Ð361.
[11] Z. Chen, W. Zou. An optimal constant for the existence of least energy solutions of a coupled

Schršdinger system. Calc. Var. Partial Di!er. Equ. , 48, (2013), pp. 695Ð711.
[12] R. Cipollatti, W. Zumpicchiatti. Orbitally stable standing waves for a system of coupled nonlinear

Schršdinger equations. Nonlinear Anal. T.M.A. , 42, no. 3, (2000), pp. 445Ð461.



8 EDUARDO COLORADO AND ALEJANDRO ORTEGA

[13] E. Colorado. Positive solutions to some systems of coupled nonlinear Schršdinger equations.Nonlinear
Anal. , 110, (2014), pp. 104Ð112.

[14] R. Cont, P. Tankov. Financial modelling with jump processes. Chapman & Hall/CRC Financial Math-
ematics Series. Boca Raton, Fl, 2004.

[15] E. Dancer, J. Wei. Spike solutions in coupled nonlinear Schršdinger equations with attractive interac-
tion. Trans. Am. Math. Soc. , 361, (2009), pp. 1189Ð1208.

[16] E. Dancer, J. Wei, T. Weth. A priori bounds versus multiple existence of positive solutions for a
nonlinear Schršdinger system. Ann. Inst. Henri PoincarŽ Anal. Non LinŽaire , 27, (2010), 953Ð969.

[17] S. Dipierro, G. Palatucci, E. Valdinoci. Existence and symmetry results for a Schršdinger type problem
involving the fractional Laplacian. Matematiche (Catania) , 68, no. 1, (2013), pp. 201Ð216.

[18] D. G. de Figueiredo, O. Lopes. Solitary waves for some nonlinear Schršdinger systems.Ann. Inst. H.
PoincarŽ Anal. Non LinŽaire , 25, no. 1, (2008), pp. 149Ð161.

[19] R. L. Frank, E. Lenzmann. Uniqueness and Nondegeneracy of Ground States for(! !) sQ+ Q! Qa+1 =
0 in R. Acta Math. , 210, (2013), pp. 261Ð318.

[20] R. L. Frank, E. Lenzmann, L. Silvestre. Uniqueness of radial solutions for the fractional Laplacian.
Comm. Pure Appl. Math. , 69, no. 9, (2016), pp. 1671Ð1726.

[21] N. S. Landkof. Foundations of modern potential theory. Die Grundlehren der mathematischen Wis-
senschaften, Band 180. Springer-Verlag, New York-Heidelberg, 1972.

[22] N. Laskin. Fractional Schršdinger equation. Phys. Rev. E, (3) 66, no. 5, (2002), 7 pp.
[23] N. Laskin. Fractional quantum mechanics and LŽvy path integrals. Phys. Lett. A , 268, no. 4-6, (2000).
[24] T.-C. Lin, J. Wei. Ground state of N coupled nonlinear Schršdinger equations in Rn , n % 3. Comm.

Math. Phys., 255 (2005), pp. 629Ð653. [Erratum: Comm. Math. Phys. , 277, no. 2, (2008), pp. 573Ð576].
[25] Z. Liu, Z.-Q. Wang. Ground states and bound states of a nonlinear Schršdinger system. Adv. Nonlinear

Stud., 10, no. 1, (2010), pp. 175Ð193.
[26] L. Maia, E. Montefusco, B. Pellacci. Positive solutions for a weakly coupled nonlinear Schršdinger

system. J. Di!erential Equations , 229, no. 2, (2006), pp. 743Ð767.
[27] S. V. Manakov. On the theory of two-dimensional stationary self-focusing of electromagnetic waves.

Sov. Phys.ÐJETP, 38, no. 2, (1974), pp. 248Ð253.
[28] C. R. Menyuk. Nonlinear pulse propagation in birifrangent optical Þbers. IEEE J. Quantum Electr. ,

23-2 (1987), pp. 174Ð176.
[29] F. Oliveira, H. Tavares. Ground States for a Nonlinear Schršdinger System with Sublinear Coupling

Terms. Advanced Nonlinear Studies, vol. 16, no. 2, (2016), pp. 381Ð387.
[30] A. Pomponio. Coupled nonlinear Schršdinger systems with potentials. J. Di!erential Equations , 227,

no. 1, (2006), pp. 258Ð281.
[31] Ch. RŸegg, et al. Bose-Einstein condensation of the triple states in the magnetic insulator TICuCI 3.

Nature, 423, (2003), pp. 62Ð65.
[32] B. Sirakov. Least energy solitary waves for a system of nonlinear Schršdinger equations in Rn . Comm.

Math. Phys., 271, no. 1, (2007), pp. 199Ð221.
[33] E. M. Stein. Singular integrals and di!erentiability properties of functions. Princeton Mathematical

Series, No. 30 Princeton University Press, Princeton, N.J. 1970.
[34] S. Terracini, G. Verzini. Multipulse phases in k-mixtures of Bose-Einstein condensates. Arch. Ration.

Mech. Anal. , 194, (2009), pp. 717Ð741.
[35] L. Vlahos, H. Isliker, Y. Kominis, K. Hizonidis. Normal and anomalous Di!usion: a tutorial. Order

and chaos, 10th volume, T. Bountis (ed.), Patras University Press (2008).
[36] J. Wei, T. Weth. Radial solutions and phase separation in a system of two coupled Schršdinger

equations. Arch. Ration. Mech. Anal. , 190, (2008), pp. 83Ð106.
[37] J. Wei, Y. Wu. Ground states of nonlinear Schršdinger systems with mixed couplings. J. Math. Pures

Appl. , 141 (2020), pp. 50Ð88.

E. Colorado, A. Ortega; Departamento de Matem‡ticas, Universidad Carlos III de Madrid, Av.
Universidad 30, 28911 LeganŽs (Madrid), Spain

Email address: ecolorad@math.uc3m.es
Email address: alortega@math.uc3m.es



RELAXATION FOR OPTIMAL DESIGN PROBLEMS WITH
PERIMETER PENALISATION

ANA CRISTINA BARROSO , JOSƒ MATIAS, AND ELVIRA ZAPPALE

Abstract. We discuss some relaxation and integral representation results for certain
optimal design problems with a perimeter penalisation.

Introduction

We obtain a measure representation for a functional arising in the context of optimal design
problems under linear growth conditions (see Barroso, Matias and Zappale [1]). Starting
from an energyF (!, u ), which has a bulk term depending on the symmetrised gradient of
u, as well as a perimeter term, the functional in question is the relaxation ofF (á, á) with
respect to a pair (!, u ), where ! is the characteristic function of a set of Þnite perimeter,
corresponding to the optimal shape, andu is a function of bounded deformation. The
perimeter term, which penalises the interface between the two regions{ ! = 1 } and { ! = 0 } ,
is added to ensure compactness of minimising sequences.

In Barroso and Zappale [2] and [3], a similar investigation was undertaken in the case
of non-standard p-q growth conditions on the original bulk energy densities, which now
depend on the full gradient of theu variable, and where the energy also includes a perimeter
penalisation term. In this setting, we showed in [2] that one of the relaxed functionals under
consideration only admits a weak measure representation, whereas for the other a strong
measure representation holds. Under some convexity assumptions, we provided a partial
characterisation of the corresponding measures, a full representation was obtained in the
one-dimensional setting.

In [3] we further identiÞed some conditions under which the relaxation process gives rise
to no concentration e!ects. In this case, we showed that the integral representation in
question is composed of a term which is absolutely continuous with respect to the Lebesgue
measure, and a perimeter term, but has no additional singular term.
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LINEAR NON-DEGENERACY AND UNIQUENESS OF THE BUBBLE
SOLUTION FOR THE CRITICAL FRACTIONAL H ENON EQUATION

IN RN

SALOMîN ALARCîN, BEGO„A BARRIOS , AND ALEXANDER QUAAS

Introduction

In this talk we show a linear non-degeneracy result of positive radially symmetric solutions
of the critical Henon equation associated to the fractional Laplacian operator in the N-
dimensional Euclidean space. As a consequence a uniqueness result of those solutions with
Morse index equal to one is obtained. In particular, we get that the ground state solution
is unique. Our approach follows some ideas developed in the deep, and celebrated, papers
done by R. Frank and E. Lenzmann [2] and R. Frank, E. Lenzmann, L. Silvestre [3], but,
of course, our proofs are not based on ODE arguments as occurs in the local case. Our
non-degeneracy result extends, in the radial setting, some known theorems proved by J.
D‡vila, M. del Pino and Y. Sire [1] and by F. Gladiali, M. Grossi and S.L.N. Neves [4].
However, due to the nature of the fractional operator and the weight in nonlinearity, we
also argue in a di!erent way than these authors do.
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LINEARIZATION, DISCRETIZATION AND INTEGRATION IN
VARIATIONAL FIELD THEORIES

A. CASIMIRO AND C. RODRIGO

Abstract. We describe tools and techniques that allow to relate smooth variational prin-
ciples to discrete ones, suitable for Þeld theories that possess geometrical symmetries. We
apply these objects to the generation of numerical integration schemes with energy preser-
vation properties. The theory relies on the linearization of the geometrical conÞguration
space using forward di!erence operators, the discretization of the space of independent
variables using abstract cellular complexes, and the resolution of the Cauchy problem
for a given initial conditions band, using the solution of several low-dimensional inverse
optimization problems.

Introduction

In the present century there has been an extensive research on the construction of varia-
tional integrators for geometrical mechanical systems. These numerical schemes are used to
integrate ordinary di!erential equations arising in mechanics, with a nice behavior regard-
ing the symplectic structure and energy/momentum conservation laws of the mechanical
system. These approaches donÕt follow a classical discretization of the di!erential equation
that governs the trajectory y(t) followed by the mechanical system, but rather a combined
discretization of both the underlying geometrical structure on the conÞguration spaceY
and of the variational principle that characterizes these trajectories.

When one goes from mechanics (study of trajectoriesy(t) modeled by a single independent
ÒtimeÓ variablet) to the case of Þeld theories (mappingsy(x) on several independent variables
x), physically relevant Þeldsy(x) follow an speciÞc variational principle. For physical reasons
all principles and equations governing the system are invariant with respect to a given group
of symmetries. Some of them can be used to reduce the number of dependent variables,
and other ones lead to the identiÞcation of Noether conserved currents, which usually are
presented as physical work-energy equilibrium laws.

General purpose numerical schemes for PDEs assume an a"ne structure on the dependent
and independent variables, which may be useful to identify bounds of error propagation,
but doesnÕt respect the physically relevant symmetries of the system under consideration, so
that error bounds for energy or momentum frequently become too large. For Þeld theories
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2 A. CASIMIRO AND C. RODRIGO

arising from a variational principle, better schemes are expected taking into consideration
both numerical and geometrical aspects in the discretization.

As the geometrical elements arising in Þeld theories carry symmetries that donÕt have
a"ne nature, many of its fundamental properties disappear and one doesnÕt recover energy
or momentum conservation, or work-energy equilibrium laws. This fact is already observed
in geometrical mechanics, and can be controlled if one chooses appropriate linearization and
discretization processes, so that the smooth variational principle with symmetries can be
transformed into a new variational principle in a discrete space, preserving all the symmetries
that were present in the original smooth model.

1. Linearization of geometrical structures

The most essential physical law of many Þeld theories is not a system of partial di!erential
equations, but the speciÞc variational principle of least action that generates those equa-
tions. Physically observed Þelds are critical for a certain action functionalL(y), obtained
by integration on X of a Lagrangian densityL ávol that depends locally ony(x). Usually
the value of the Lagrangian density at any point x ! X depends on the Þrst order jetj 1

x y
of the mapping y(x) at this point x. Higher order jets can be seen as Þrst order jets of
mappings with holonomy constraints. Any 1-jet j 1

x y is a linear mapping j 1
x y : TxX " TyY

and comes from a linearization process ofy(x) at any point. The deÞnition of Lagrangian
density L (j 1

x y) volx on the space of 1-jetsJY can be seen as a local linearization atx of the
action L.

A forward di!erence operator on a manifold Y is a mapping ! : Y # Y " T Y from a
multi-point space to a tangent (vector) space, with speciÞc properties. If such a linearization
tool is chosen so that symmetries onY commute with ! , a symmetrical lagrangian density
L ávol generates a discrete Lagrangian functionL d : Y ! n " R, deÞned on a multipoint space
and preserving the symmetries of the original smooth Lagrangian given on the jet bundle
JY . Di!erence operators can be used as fundamental tool to discretize Lagrangian density
and, at the same time, allow for local measurements of error.

2. Discretization of fibered manifolds

As second step needed for the discretization of a variational principle, one may choose to
substitute the action functional (integral of volume forms) depending on the smooth Þeld
by a discrete action functional (addition on discrete volume elements) of a discrete volume
form locally depending on a discrete Þeld.

Fields may di!er by its geometrical nature. Some are scalar Þelds, but other ones are
1-forms, 2-forms, or densities (volume forms). A discretization process replaces arbitrary
mappings y(x) by a Þnite-dimensional subset of mappings, which may be characterized by
its values at a Þnite number of points (the nodes of the discretization), or by its behaviour
at a Þnite number of 1-cells, 2-cells ans son on.This can be done if we see the whole spaceX
as composed of minimal (discrete) volume elements and work with minimal (discrete) line
elements, surface elements, and so on. In many Þeld theories the natural discrete analogue
is that of an abstract cell complex.

We describe how a choice of cellular complexV , together with an immersion x : V0 " X
of its vertices as points on a manifold leads to notions of discrete bundles, and how to
formulate discrete variational principles on such discrete bundles. We discuss then how a
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choice of forward di!erence operator relates di!erential calculus notions to discrete elements
on a manifold and allows to create a discrete variational principle associated to a smooth
one.

3. Integration of a discrete field

We review fundamental results of smooth variational theory that still hold on the discrete
case, in particular the existence of discrete conserved quantities associated to its symmetries.

The problem of inverse optimization for a function f (a, b) is the identiÞcation, for any
value a, of the parameterbsuch that f (x, b) takes minimum at the point a. In this section we
relate the problem of integration of discrete Euler-Lagrange equations to a family of inverse
optimization problems, and show how to apply this idea in the construction of variational
integrators in Þeld theories, with energy/momentum conservation properties.

The theory is illustrated with an example from elasticity theory.
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SOME RESULTS ABOUT SCHR…DINGER BRIDGES AND HARMONIC
FUNCTIONS VALUED IN METRIC SPACES WITHOUT CURVATURE

RESTRICTIONS

DMITRY VOROTNIKOV

Abstract. We introduce the dynamical Schršdinger problem, deÞned for a wide class
of entropy and Fisher information functionals, as a geometric problem on abstract metric
spaces. Under very mild assumptions (in particular, without any curvature restrictions) we
prove a generic ! -convergence result towards the geodesic problem as the noise parameter
! ! 0. Our novel technique is based on adaptive perturbations by gradient ßows. We then
study the dependence of the entropic cost on the parameter ! .

A similar method allows us to prove the following result. If u : " " Rd # X is a
harmonic map valued in a metric space X and E : X # R is a convex function, in the
sense that it generates anEVI 0-gradient ßow, we prove that the pullback E $ u : " # R
is subharmonic. In addition, we establish generalized maximum principles, in the sense
that the L q norm of E $ u on " " controls the L p norm of E $ u in " for some well-chosen
exponentsp % q, including the case p = q = + & . In particular, our results apply when E is
a geodesically convex entropy over the Wasserstein space, and thus settle some conjectures
of Y. Brenier.

Based on joint works with H. Lavenant, L. Monsaingeon, L. Tamanini.
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LIE ALGEBROIDS AND VARIATIONAL CALCULUS

EDUARDO MARTêNEZ

Abstract. Several variational principles introduced in recent years can be treated in a
uniÞed way by using the concept of Lie algebroid. A general variational problem will
be established which includes the standard Hamilton principle, the PoincarŽ variational
principle, the Euler-PoincarŽ variational principle, the Clebsh variational principle, among
others, as particular examples.

Variational principles are a fundamental tool in Classical Mechanics and Field Theories.
In recent years several variational principles have been introduced to derive an adequate
set of di!erential equations describing the evolution of a system in the presence of a sym-
metry group or related constructions. They consists on the prescription of a subset of the
inÞnitesinal admissible variations, from where a set of di!erential equations is obtained by
imposing that the di!erential of the action functional at a critical curve vanishes over the
prescribed set of inÞnitesimal variations.

Examples of such equations are, for instance, PoincarŽ equations [1], Euler-PoincarŽ equa-
tions [2, 3], Lagrange-PoincarŽ equations [4, 5], or Clebsh equations [6, 7].

We will show that all these variational principles can be obtained in a uniÞed way by
considering the set of admissible curves on a Lie algebroid with an adequate Banach manifold
structure [8]. Reduction and reconstruction results will be interpreted in terms of morphisms
of Lie algebroids. The generalization to Field Theories will be considered [9].
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SECOND-ORDER LAGRANGIANS ADMITTING A FIRST-ORDER
HAMILTONIAN FORMALISM

EUGENIA ROSADO MARêA

Abstract. From the earlier seventies thanks to the works of Goldschmidt and Stenberg
(see [1]) and P. L. Garc’a (see [2]) among others, jet bundles constitute the natural geo-
metric setting to develop the Lagrangian and Hamiltonian formalisms in the calculus of
variations on Þbred manifolds, as well as to study the presymplectic structure attached to
a variational problem. As is known, classical Þelds can be viewed as the sections of Þbred
manifolds and the Lagrangian formalism are then formulated in terms of jet manifolds.

In this setting, we study a class of secondÐorder Lagrangian densities admitting a
ÞrstÐorder Hamiltonian formalism (see [3]); namely, (1) for each second-order Lagrangian
density on an arbitrary Þbred manifold p: E ! N the PoincarŽÑCartan form of which is
projectable onto J 1E , by using a new notion of regularity previously introduced, a ÞrstÐ
order Hamiltonian formalism is developed for such a class of variational problems; (2) the
existence of ÞrstÐorder equivalent Lagrangians is discussed from a local point of view as
well as global; (3) this formalism is then applied to classical Hilbert-ÐEinstein Lagrangian
and a generalization of the BF theory. The results suggest that the class of problems
discussed here constitutes a natural variational setting for General Relativity.

References

[1] Goldschmidt, H., Sternberg, S., The HamiltonÐCartan formalism in the calculus of variations. Ann.
Inst. Fourier (Grenoble) , 23(1) (1973), 203Ñ267.

[2] Garc’a, P. L., The PoincarŽÐCartan invariant in the calculus of variations. Symp. Math. 14 (1974),
219Ñ246.

[3] Rosado Mar’a, E., Mu–oz MasquŽ, J., SecondÐorder Lagrangians admitting a ÞrstÐorder Hamiltonian
formalism. Ann. Mat. Pura Appli. (4) 197 (2018), n. 2, 357Ð397.

Eugenia Rosado Mar’a; Escuela TŽcnica Superior de Arquitectura, Universidad PolitŽcnica de
Madrid.

Email address: eugenia.rosado@upm.es

The author has been partially supported by PID2021-126124NB-I00.
1



A NEW FUNCTIONAL SPACE RELATED TO THE RIESZ
FRACTIONAL GRADIENT IN BOUNDED DOMAINS

JOSƒ CARLOS BELLIDO

Abstract. The Riesz fractional gradient is attracting a renewed attention nowadays in
the context of nonlocal variational problems and PDE. The fact that the space of Lp
functions whose Riesz fractional gradient coincides with the Bessel potential space, and
that the Riesz fractional gradient of a Sobolev function converges to its classical as the
fractionality parameter, s, goes to 1, makes this object very interesting and relevant in
a variety of situations. In this talk we will brießy report on recent advances on the
Riesz fractional gradient in the fractional case, i.e. in the whole space, and introduce
a truncated version of it, suitable for applications in bounded domains, and the natural
functional space associated to this object, showing that this space enjoys the structural
properties required for addressing variational problems and PDE.

JosŽ Carlos Bellido; University of Castilla-La Mancha.
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VARIATIONAL OBSTACLE AVOIDANCE WITH APPLICATIONS TO
INTERPOLATION PROBLEMS IN HYBRID SYSTEMS

LEONARDO J. COLOMBO

Abstract. In this talk we present variational obstacle avoidance problems on complete
Riemannian manifolds and apply the results to the construction of piecewise smooth curves
interpolating a set of knot points in systems with impulse e!ects. We derive the dynamical
equations for extrema in the variational problem, and show the existence of minimizers by
using lower-continuity arguments for weak convergence on an inÞnite-dimensional Hilbert
manifold. We then provide conditions under which it is possible to ensure that the extrema
will safely avoid a given obstacle within some desired tolerance.
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A VARIATIONAL APPROACH FOR POLYNOMIAL FITTING ON
MANIFOLDS

LUêS MACHADO

Abstract. We address the problem of Þnding a polynomial curve that best Þts a given
data set of time-labelled points on a Riemannian manifold. The main drawback for deÞning
the problem is the lack of explicit expressions for polynomials on manifolds. To overcome
this issue, we propose a variational approach and derive the corresponding Euler-Lagrange
equations. Due to the high nonlinearity of the Euler- Lagrange equations, we also pro-
pose a numerical optimization approach to obtain solutions for the problem. Numerical
simulations will be provided in some speciÞc Riemannian manifolds.

Introduction

The classical least squares method has been used for the Þrst time in 1809, when Gauss
and Legendre were predicting the planetary motion. In this classical setting, it is given a
set of k + 1 points, p0, . . . , pk , in Rn, a set of k + 1 instants of time 0 = t0 < á á á< t k = 1 ,
and the objective is to Þnd a polynomial curve of degreem (m ! k)

! : [0, 1] "# Rn

t $"# ! (t) = a0 + a1t + á á á+ am tm ,

that yields the minumum value for the functional

E (! ) =
k!

i =0

d2(pi , ! (t i )) ,

where d stands for the Euclidean distance. It is easy to prove the existence and uniqueness
of the solution for this classical problem.

Our goal is to generalize this classical problem in the more general context of manifolds.
However, in general, no explicit formulas for polynomials on manifolds are available. Fol-
lowing previous works [5] and [2], where polynomials on manifolds have been deÞned as the
extremals of a certain functional, we proposed in [4] the following variational problem on a
complete Riemannian manifoldM :

(P) min
! !C

1
2

k!

i =0

d2"
pi , ! (t i )

#
+

"
2

$ 1

0

%D m !
dtm ,

D m

dtm

&
dt,

whered is now the geodesic distance inM ,
D
dt

denotes the covariant derivative with respect

to the Levi Civita connection in M , " denotes a positive real parameter and whereC is
the family of curves ! : [0, 1] # M of classCm" 1, such that the restriction of ! to each

This work has been supported by Funda•‹o para a Ci•ncia e Tecnologia (FCT) under the project
UIDB/00048/2020.
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2 LUêS MACHADO

subinterval [t i " 1, t i ] is smooth, for i = 1 , . . . , k. Moreover, it is assumed that
D j !
dtj (t+

i ) and

D j !
dtj (t "

i ) exist for all j % m and i = 0 , . . . , k.

Using appropriate tools from the calculus of variations on Riemannian manifolds, the
Euler-Lagrange equations are obtained in the next result.

Theorem 0.1. A necessary condition for! to be a solution for(P) is that ! & C2m" 2([0, 1]),
satisÞes

D 2m !
dt2m +

m!

j =2

(" 1)j R
' D 2m" j !

dt2m" j ,
D j " 1!
dtj " 1

( d!
dt

= 0 , ' t & [t i " 1, t i ], (i = 1 , . . . , k),

and

D j !
dtj (t+

i ) "
D j !
dtj (t "

i ) =

)
***+

***,

0 j = 1 , . . . , m " 1 (i = 1 , . . . , k " 1)
0 j = m, . . . , 2m " 2 (i = 0 , . . . , k)
...

...
...

(" 1)m

" exp" 1
! (t i )

(pi ) j = 2m " 1 (i = 0 , . . . , k),

where exp" 1
q (p) denotes the velocity vector of the minimizing geodesic connecting pointsp

and q (oriented from p to q).

We can deduce some properties directly from the above Euler-Lagrange equations. Namely,
the geometric mean and the geodesic that best Þts the given data arise as limiting processes
of problem (P).

In order to obtain approximate solutions for problem (P), we closely follow the approach
given in [3] for the Euclidean sphere. This numerical optimization procedure consists in the
discretization of the functional deÞned in(P), where geometric Þnite di!erences are used
to approximate the covariant derivatives [1]. As an example, let us consider the case when
m = 2 . The forward, central and backward geometric di!erences are given respectively by

D 2!
dt2 (t0) ( 1

h2

"
exp" 1

! (t0) (! (t2)) " 2 exp" 1
! (t0) (! (t1))

#

D 2!
dt2 (t i ) ( 1

h2

"
exp" 1

! (t i )
(! (t i +1 )) + exp " 1

! (t i )
(! (t i " 1))

#

D 2!
dt2 (tk ) ( 1

h2

"
exp" 1

! (t k ) (! (tk" 2) " 2 exp" 1
! (t k ) (! (tk" 1))

#
.

Numerical illustrations for di!erent values of m (order of covariant derivative) and dif-
ferent number of points will be given in some speciÞc Riemannian manifolds.
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CLASSIFICATION THEOREMS FOR MINIMAL SURFACES WITH
FINITE TOTAL CURVATURE IN H2 ! R

MAGDALENA RODRêGUEZ

Abstract. In this talk we present some classiÞcation theorems for minimal surfaces with
Þnite total curvature in H2 ! R

In the last twenty years, after a seminal work by Rosenberg [6], the theory of minimal
surfaces inH2 ! R has been actively developed. As in the case of the Euclidean space, the
examples better undertood are those with Þnite total curvature. HuberÕs theorem [4] says
that the examples with Þnite total curvature are conformally equivalent to Þnitely punctured
compact Riemann surfaces. Hauswirth and Rosenberg [2] proved that the Hopf di!erential
of one such surface extends meromorphically to the punctures (corresponding to te ends
of the surface), and the total curvature must be a non-positive multiple of2! . We will
describe the asymptotic behaviour of the ends of this kind of surfaces (description included
in [1]) and present the known examples and classiÞcation results: Hauswirth, Sa Earp and
Toubiana [3] proved that the vertical planes are the only complete minimal surfaces with
vanishing total curvature and in a joint work with Pyo [5] we classiÞed the Scherk graph
over an ideal quadrilateral as the only example with" 2! total curvature. Finally we will
describe the complete embedded minimal surfaces with total curvature" 4! , result included
in a joint work with Jesœs Castro-Infantes.
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VARIATIONAL PRINCIPLE OF HERGLOTZ FOR A NEW CLASS OF
PROBLEMS WITH DEPENDENCE ON THE FREE ENDPOINT

CONDITIONS AND A REAL PARAMETER

NATçLIA MARTINS

Abstract. The main goal of this talk is to generalize the variational problem of Herglotz
considering the case where the Lagrangian depends not only on the independent variable,
an unknown function x and its derivative, and an unknown functional z, but also on the
end points conditions and a real parameter. HerglotzÕs problems of calculus of variations
of this type cannot be solved using the standard theory. Since the variational problem
of Herglotz is a generalization of the classical problem of the calculus of variations, from
our main results a number of important corollaries are obtained. Main results of this talk
are necessary optimality condition of Euler- Lagrange type, natural boundary conditions
and the DuBois-Reymond condition for our non-standard variational problem of Herglotz
type.

Introduction

In this talk we will extend the variational problem of Herglotz type ([1], [2], [4]), to the
case where the LagrangianL may depend on the states valuesx(a) and x(b) and also on a
real parameter ! . More speciÞcally, we will study the following non-standard Herglotz type
problem:

Problem ( P) : Determine x ! C2([a, b], R), z ! C1([a, b], R) and ! ! R such that

z(b) "# extr

where (x, z, ! ) is such that

(1) úz(t) = L (t, x (t), úx(t), z(t), x(a), x(b), ! ) , t ! [a, b],

and

(2) z(a) = ",

for a given " ! R, and L satisÞes the following conditions:

(1) (u0, u1, u2, u3, u4, u5) # L(t, u0, u1, u2, u3, u4, u5) is a C1 function for any t ! [a, b];
(2) functions t # #i L (t, x (t) , úx (t) , z (t) , x (a) , x (b) , ! ) , are di!erentiable for all i =

2, . . . , 7 and for all admissible triplet (x, z, ! ).

The following result provides necessary conditions for an admissible triplet(x, z, ! ) to be
a local extremizer ofz(b), where (x, z, ! ) satisÞes (1) and (2).

Work supported by Portuguese funds through the CIDMA - Center for Research and Development in
Mathematics and Applications, and the Portuguese Foundation for Science and Technology (FCT-Funda•‹o
para a Ci•ncia e a Tecnologia), within project UIDB/04106/2020.
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2 NATçLIA MARTINS

Theorem 0.1. [3] If (x, z, ! ) is a solution of the non-standard HerglotzÕs variational problem
(P), then (x, z, ! ) satisÞes the generalized Euler-Lagrange equation

(3) #2L [x, z, ! ] (t) + #4L [x, z, ! ] (t) á#3L [x, z, ! ] (t) "
d
dt

#3L [x, z, ! ] (t) = 0 , t ! [a, b],

and the condition

(4)
! b

a
$(t) á#7L [x, z, ! ] (t) dt = 0 ,

where

(5) $(t) = e!
! t

a ! 4L [x,z," ](s)ds.

Moreover,
(1) if x (a) is undetermined, then(x, z, ! ) satisÞes the following condition

(6) #3L [x, z, ! ] (a) =
1

$(a)

! b

a
$(t) á#5L [x, z, ! ] (t) dt;

(2) if x (b) is undetermined, then(x, z, ! ) satisÞes the following condition

(7) #3L [x, z, ! ] (b) = "
1

$(b)

! b

a
$(t) á#6L [x, z, ! ] (t) dt.

Remark 0.2. Observe that:
(1) from Theorem 0.1 we can deduce as corollaries some well known results from the

classical calculus of variations and from the standard HerglotzÕs variational calculus;
(2) the two non-standard natural boundary conditions of Theorem 0.1 clearly shows

that the standard and non-standard HerglotzÕs variational problems are of a di!erent
nature;

(3) in the basic problem of the classical calculus of variations, the LagrangianL does
not depend onx(a), x(b), z and ! . In this case, (6) and (7) reduce to the well known
natural boundary conditions: #3L(a, x(a), úx(a)) = 0 and #3L(b, x(b), úx(b)) = 0 .

Theorem 0.3. [3] If (x, z, ! ) is a solution of problem(P), then (x, z, ! ) satisÞes the equation

(8)
d
dt

"
$(t) á

#
L [x, z, ! ] (t) " úx (t) #3L [x, z, ! ] (t)

$%
= $(t) á#1L [x, z, ! ] (t) ,

for all t ! [a, b].
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A NOTION OF JACOBIAN FOR BV MAPS AND A NEW APPROACH
TO TOPOLOGICAL SINGULARITIES

NICOLAS VAN GOETHEM , LUCIA DE LUCA, AND RICCARDO SCALA

Abstract. We introduce a notion of Jacobian determinant for some R2-valued maps of
bounded variation on a bounded planar domain. This notion extends the Distributional
Determinant and allows for some applications in elasticity. We will focus on classical
singularities appearing in Ginzburg-Landau and dislocation models. This is a joint work
with Riccardo Scala and Lucia De Luca.

Introduction

We introduce a weak notion of 2 ! 2-minors of gradients of a suitable subclass ofBV
functions. In the case of maps inBV (R2; R2) such a notion extends the standard deÞnition
of Jacobian determinant to non-Sobolev maps.

We use this distributional Jacobian to prove a compactness and! -convergence result for
a new model describing the emergence of topological singularities in two dimensions, in the
spirit of Ginzburg-Landau and core-radius approaches. Within our framework, the order
parameter is anSBV map u taking values in Ss1 and the energy is made by the sum of the
squaredL 2 norm of " u and of the length of (the closure of) the jump set ofu multiplied
by 1

! . Here, ! is a length-scale parameter. We show that, in the| log ! | regime, the Jacobian
distributions converge, as! # 0+ , to a Þnite sum µ of Dirac deltas with weights multiple
of " , and that the corresponding e!ective energy is given by the total variation ofµ .
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CALCULUS OF VARIATION PROBLEMS FOR VARIABLE ORDER
GENERAL FRACTIONAL CALCULUS

RICARDO ALMEIDA

Abstract. In this talk we combine two ideas: fractional derivatives of variable order
and fractional derivatives depending on an another function. With such operators, we
develop a variational problem theory by presenting necessary conditions of optimization
for di!erent kind of problems. An integration by parts formula is also proven, fundamental
for the developing of our theory.

Introduction

In this work we combine two known ideas: fractional derivatives/integrals with respect to
another function and variable fractional order derivatives/integrals (here, the order is given
by a function ! : [a, b]2 ! (0, 1)), by considering the following fractional operators. For
what concerns the fractional integrals, we consider the following ones

(lef t ) I !
a+ u(t) =

! t

a

1
!( ! (t, s))

g!(s)(g(t) " g(s)) ! (t,s )" 1u(s) ds,

(right ) I !
b" u(t) =

! b

t

1
!( ! (s, t))

g!(s)(g(s) " g(t)) ! (s,t )" 1u(s) ds.

For fractional derivatives, we have the the RiemannÐLiouville derivatives

(lef t ) D!
a+ u(t) =

1
g!(t)

d
dt

I1" !
a+ u(t) =

1
g!(t)

d
dt

! t

a

1
!(1 " ! (t, s))

g!(s)(g(t)" g(s)) " ! (t,s )u(s) ds,

(right ) D!
b" u(t) =

" 1
g!(t)

d
dt

I 1" !
b" u(t) =

" 1
g!(t)

d
dt

! b

t

1
!(1 " ! (s, t))

g!(s)(g(s)" g(t)) " ! (s,t )u(s) ds,

and the Caputo derivatives

(lef t ) C D!
a+ u(t) = I1" !

a+

"
1

g!(t)
du
dt

(t)
#

=
! t

a

1
!(1 " ! (t, s))

(g(t) " g(s)) " ! (t,s )u!(s) ds,

(right ) C D!
b" u(t) = I1" !

b"

"
" 1

g!(t)
du
dt

(t)
#

=
! b

t

" 1
!(1 " ! (s, t))

(g(s) " g(t)) " ! (s,t )u!(s) ds.

The variational problem considered is described next: minimize the functional

F (u) :=
! b

a
L (t, u(t), C D!

a+ u(t)) dt ! min,
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2 RICARDO ALMEIDA

where L : [a, b] # R2 ! R is a smooth function and the functional is deÞned on the set

" :=
$

u $ C1[a, b] : C D!
a+ u exists and is continuous on[a, b]

%
.

DeÞne
[u](t) := ( t, u(t), C D!

a+ u(t)) .
The necessary condition that allows to determine such optimal solutions is given by the

next theorem:

Theorem 0.1. Let u" $ " be an optimal solution for the variational problem. Then, the
following EulerÐLagrange equation is met:

(1)
"L
"u

[u" ](t) + g!(t)D!
b"

&

'
#L

#C D!
a+ u [u" ](t)

g!(t)

(

) = 0 , %t $ [a, b].

Also, for arbitrary u(a) holds

(2) I1" !
b"

#L
#C D!

a+ u [u" ](t)

g!(t)
= 0 ,

at t = a. For arbitrary u(b), formula (2) holds at t = b.
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IDENTITY CHECKING IN PLACTIC-LIKE MONOIDS

ALAN J. CAIN, ANTîNIO MALHEIRO, AND DUARTE RIBEIRO

The study of the identities satisÞed by a semigroupS is of great importance, since,
by Birkho!Õs Theorem, the equational theory ofS deÞnes the variety generated by it. The
characterization of the identities satisÞed byS is naturally connected to the identity checking
problem Check-Id (S) [1]. It is well-known that, for any Þnite semigroup S, the problem
Check-Id (S) is decidable, since there are only Þnitely many substitutions of the variables
occurring in the identity by elements of S. Furthermore, Check-Id (S) is in the complexity
classcoNP. However, in the case of inÞnite semigroups, the brute-force approach used in the
Þnite case does not work, and only recently there have been results on the computational
complexity of identity checking for inÞnite semigroups, beyond undecidability and trivial or
ÒeasyÓ decidability in linear time [2, 3, 4].

The ubiquitous plactic monoid [5], also known as the monoid of Young tableaux, has
deep connections to several areas of mathematics, in particular, to the theory of symmetric
functions. The plactic monoids of Þnite rank are known to satisfy non-trivial identities [6],
but no ÒglobalÓ identity which is satisÞed regardless of rank [7]. In contrast, monoids related
to the plactic monoid, such as the hypoplactic monoid (the monoid of quasi-ribbon tableaux,
connected with quasisymmetric functions), sylvester monoid (the monoid of binary search
trees) and Baxter monoid (pairs of twin binary search trees, connected with Baxter), satisfy
global identities, and the shortest identities have been characterized [8].

This talk will focus on results on the hypoplactic monoid [9] and on the sylvester and
Baxter monoids [10]. We characterize their equational theories, and show that the identity
checking problem for these monoids is decidable in polynomial time. We also give a Þnite
equational basis for the varieties generated by these monoids, thus showing that they have
Þnite axiomatic rank.
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SOLVING y! = y IN POSITIVE CHARACTERISTIC

HERWIG HAUSER

Abstract. GrothendieckÕsp-curvature conjecture aims at giving a criterion for a linear
ordinary di!erential equation with polynomial coe"cients over Q to have a full basis of
algebraic solutions. Namely, this should be the case if and only if, for almost all primes p,
the reduction of the equation modulo p has a full basis of polynomial solutions.

In the lecture we will provide evidence why this conjecture is still wide open. Various
examples will illustrate some of the obstacles one has to overcome when studying the
problem.

Herwig Hauser, University of Vienna
Email address: herwig.hauser@univie.ac.at

Date: 5-7 October 2022.
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ON THE EQUATION V !m G = EV

J. ALMEIDA AND M. H. SHAHZAMANIAN

Abstract. This talk is a contribution to understanding the solutions V of the equation
of pseudovarieties of semigroupsV !m G = EV. Pseudoidentities are obtained guaranteeing
that all pseudovarieties satisfying them are solutions or all (not too small) are counterex-
amples. Even within the pseudovariety J of all Þnite J -trivial semigroups, there is a
continuum of subpseudovarieties that fail the equation, thus invalidating a statement of
Higgins and Margolis. A complete list of critical counterexample generators is given in the
sense that a pseudovariety contains a subpseudovariety failing the equation if and only if
it contains at least one of the semigroups in the list. Moreover, a pseudovariety excludes
all semigroups in the list if and only if it consists of semigroups in which every product of
idempotents is idempotent.

1. Introduction

Emerging mainly from work of Krohn and Rhodes [8, 9], on the so-called group com-
plexity, and SchŸtzenberger [12], on the syntactical characterization of special classes of
formal languages, a general framework for the connections between Þnite semigroups, Þnite
automata and rational languages was proposed by Eilenberg [5], which in turn prompted
signiÞcant interest and led to many further developments (cf. [10, 2, 11]). According to
EilenbergÕs theory, Þnite semigroups should be viewed as being arranged in pseudovarieties,
that is, classes closed under taking homomorphic images, subsemigroups, and Þnite direct
products.

A key property in the applications that a pseudovariety may or may not enjoy is de-
cidability, which means that the membership problem is algorithmically solvable. Several
algebraic constructions yield natural operators on pseudovarieties, among which the semidi-
rect (! ) and MalÕcev (!m ) products are particularly important. The fact that neither of
them preserves decidability [1, 4] makes the theory both complicated and rich as instances
of decidability require adequately tailored methods.

There are also some natural operators that preserve decidability, such as the operatorE
associating with a pseudovarietyV the pseudovariety of all Þnite semigroups whose idem-
potents generate a subsemigroup that belongs toV. Finding instances in which the two
types of operators turn out to coincide may give particularly simple algorithmic solutions to
speciÞc pseudovariety membership problems. Denoting byG the pseudovariety of all Þnite

This work was partially supported by CMUP, which is Þnanced by Portuguese national funds
through FCT Ð Funda•‹o para a Ci•ncia e a Tecnologia, I.P., under the project with reference
(UIDB/MAT/00144/2020).

The talk at the 8IMM 2022 is given by the Þrst author.
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groups, the two equations

V ! G = EV(1)

V !m G = EV(2)

express such connections between operators. Neither of them holds universally and (1)
implies (2) since the inclusionsV ! G " V !m G " EV always hold. Important examples of
positive examples for both equations are the pseudovarietiesSl of all Þnite semilattices and
J of all Þnite J -trivial semigroups. Equation (1) has also been investigated for instance
in [3] while information on the signiÞcance of the equationV ! G = V !m G may be found
in [6].

The main focus of concern in this talk is the equation (2), that is, Þnding pseudovarieties
V that are solutions or that are counterexamples. It was prompted by a side remark in
a paper by Higgins in Margolis [7] stating Òit is knownÓ that every pseudovarietyV in
the interval [Sl, DA] satisÞes (2). Here,DA is the pseudovariety of all Þnite semigroups
in which the idempotents are the only regular elements. The Higgins-Margolis statement
is not supported in any justiÞcation or bibliography and we show that in fact there is an
uncountable subinterval of counterexamples.

2. Results

Consider the following semigroups:

¥ the semigroup with zero presented byA0 = #e, f | e2 = e, f 2 = f, ef = 0$;
¥ for each primep, the Rees matrix semigroupK p = M

!
Z/p Z; 2, 2, ( 0 0

0 1 )
"
.

For a pseudoidentity u = v, !u = v" is the pseudovariety consisting of all Þnite semigroups
satisfying u = v. Let B = !x2 = x" be the pseudovariety of all Þnite bands.

Theorem 1. The following are equivalent for a pseudovarietyV:

(i) V contains a pseudovariety that fails the equation (2);
(ii) V contains at least one of the semigroupsA0 or K p for a prime p;

(iii) V is not contained in EB.

In fact, for every monoidal subpseudovariety (that is, one generated by its monoids)V of
EB not contained in G, the equation (1) also holds.

For the next results, another couple of pseudovariety operators are needed. For a pseu-
dovariety V, LV consists of all Þnite semigroupsS such that the monoid eSebelongs toV
for every idempotent e %S. If H is a pseudovariety of groups, thenH consists of all Þnite
semigroups all of whose subgroups belong toH.

An identity u = v is balanced if v is obtained from the word u by permutation of the
letter positions. For a Þnite semigroupS, V(S) is the smallest pseudovariety containingS.

Theorem 2. Let u = v be either a balanced identity or the pseudoidentityxn = x! + n for
somen. Then every pseudovarietyV in the interval

#
V(A0), L!u = v"

$
fails the equation (2).

Note that A0 %L!u = v" wheneveru = v is a pseudoidentity in which both sides use the
same letters. So, there are plenty of intervals satisfying the conditions of Theorem 2.

For a prime q, Gq! denotes the pseudovariety of all Þniteq!-groups, that is, Þnite groups
with no elements of orderq.
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Theorem 3. Let p and q be primes such thatp divides q & 1. Then every pseudovarietyV
in the interval [V(K p), Gq! ] fails the equation (2).

Note that, by DirichletÕs prime number theorem, for every primep there are inÞnitely
many primes q such that p divides q & 1. Moreover, for such a pair of primes, we have
K p %Gq! . Thus, there are plenty of intervals satisfying the conditions of Theorem 3.

Let N = !x! = 0 " be the pseudovariety of all Þnite nilpotent semigroups.

Theorem 4. All the intervals in Theorems 2 and 3 have cardinality2" 0 . More precisely, for
each of the intervals[U, W] in question, N " W and there is a continuum of pseudovarieties
of the form U ' V with V " N.

In particular, the interval
#
V(A0), DA( LB

$
has cardinality 2" 0 and consists of counterex-

amples to the Higgins-Margolis statement.
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NONASSOCIATIVE PRODUCTS IN NONASSOCIATIVE ALGEBRAS
WITH INVOLUTION

JOSE BROX

Abstract. Starting from the variety of associative, Lie, Jordan, alternative or Malcev
algebras with involution, we classify all the formal bilinear products of the form

axy + bx! y + cxy! + dx! y! + Ayx + Byx ! + Cy! x + Dy ! x!

formed with the help of the original product and the involution ! , which are either ßex-
ible, power-associative, alternative, associative, Jordan, binary-Lie, Malcev or Lie for all
algebras of the chosen variety. To do so we formally deÞne and study the change of prod-
uct in an algebra acted on by a group of automorphisms and antiautomorphisms, solve
the associative variety case via free algebras with computer assistance, and then solve the
nonassociative cases via representations, nonassociative PI theory, and speciÞc algebras.
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WHY DOES THE DESCARTES SOLVER WORK?

JOSUE TONELLI-CUETO

Abstract. Isolating the real roots of univariate polynomials is a fundamental problem in
symbolic computation and it is arguably one of the most important problems in computa-
tional mathematics. The problem has a long history decorated with numerous ingenious
algorithms and furnishes an active area of research. However, the worst-case analysis of
root-Þnding algorithms does not correlate with their practical performance. Among the
algorithms for which this phenomenon happens, we Þnd the Descartes solver to isolate
the real roots of a real univariate polynomial. In this talk, we show that the average
bit complexity of this solver is almost optimal for a broad class of random polynomials,
explaining, therefore, the practical performance of this algorithm.

This is joint work with Alperen A. ErgŸr and Elias Tsigaridas.
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ON THE CONDUCTOR OF ABHYANKAR-MOH SEMIGROUPS

LUIS JOSƒ SANTANA SçNCHEZ

We say that an additive submonoid ofN is an Abhyankar-Moh semigroupif it is Þnitely
generated by acharacteristic sequence(v0, . . . , vh) ! Nh+1 satisfying the following inequality
gcd(v0, . . . , vh! 1)vh < v 2

0. These semigroups arise naturally when dealing with plane curves
coming as embedded lines.

One can check that the conductor of an Abhyankhar-Moh semigroup with characteris-
tic sequence(v0, . . . , vh) is an even number in the interval [v0 " 1, (v0 " 1)(v0 " 2)]. In
[1], Barrolleta, Garc’a Barroso and P!oski completely described all such semigroups with
maximum conductor. The idea of this talk is to present a proof showing how to construct
Abhyankhar-Moh semigroups for every possible conductorc ! [v0 " 1, (v0 " 1)(v0 " 2)] # 2Z,
when v0 is an even number.

This is based on [2] which is a joint work with Evelia R. Garc’a Barroso, Juan Ignacio
Garc’a Garc’a and Alberto Vigneron Tenorio
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ON THE USEFULNESS OF COMPUTER ALGEBRA SYSTEMS

MANUEL DELGADO

Abstract. We aim to give a brief overview of computer algebra systems, with emphasis
on open-source ones. At the same time, we aim to illustrate its use in creating potentially
good questions and discarding non-interesting ones.

Introduction

There exist a few general-purpose computer algebra systems. These require a large amount
of computer capabilities. Specialized computer algebra systems, devoted to a speciÞc part
of mathematics, are more common.

We plan to refer some of the general-purpose systems. Emphasis will be put on Sage-
Math 1, which is a free, open-source mathematics software system built on top of many
existing specialized open-source packages, for instance, NumPy, Maxima, GAP or R . Be-
sides its usefulness for research, one should remark on its possible use in teaching. Extensive
documentation is available. A notable book by Zimmermann et al. [4] is composed of a part
accessible to high school and undergraduate students, while other parts are suitable for
graduate students and researchers.

Among the many specialized computer algebra systems one ÞndsGAP [3], a system for
computational discrete algebra, with particular emphasis on Computational Group Theory.
We will use it as an example for going into some details.

1. GAP

GAP (which stands fo Groups, Algorithms and Programming) provides a programming
language, a large library of functions implementing algebraic algorithms written in the GAP
language. GAP is used in research and teaching for studying groups and their represen-
tations, rings, vector spaces, algebras, combinatorial structures, and more. The system,
including source, is distributed freely.

GAP distributes user contributed programs, called packages. Package authors remain
responsible for their maintenance. We will use for our illustrations the packagenumericals-
gps[2], a package to compute with numerical semigroups.

2. Numerical semigroups

We will brießy introduce numerical semigroups: subsets of the non-negative integers (N)
that are closed under addition and have a Þnite complement in N. Despite their apparent
simplicity, numerical semigroups are fascinating mathematical objects at the origin of many
mathematical challenges. We shall refer to some of them.

The author has been partially supported by CMUP Ñ UIDB/00144/2020.
1https://www.sagemath.org/
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2 MANUEL DELGADO

3. Use of the GAP packages numericalsgps and intpic

Now we are in a position to use the packagenumericalsgpsfor computing some examples.
As visual capabilities are very useful for those who like visual thinking, we will accompany
part of the examples with images produced withintpic [1], another GAP package. To
illustrate the use of software in creating potentially good questions and discarding non-
interesting ones, we will usenumericalsgpsto probe some existing conjectures for some large
families of numerical semigroups.
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FACTORIZATION OF THIRD ORDER ALGEBRO-GEOMETRIC ODOS
ON SPECTRAL CURVES

S. L. RUEDA AND M. A. ZURRO

Abstract. We consider the classical factorization problem of a third order ordinary di!e-
rential operator L ! ! , for a spectral parameter ! . It is assumed that L is an algebro-
geometric operator, i. e. it has a nontrivial centralizer, which can be seen as the a"ne
ring of an algebraic curve, the famous spectral curve ! . We give a symbolic algorithm,
using di!erential subresultants, to factor L ! ! 0 for all but a Þnite number of points
P = ( ! 0, µ0, " 0) of ! based on the ring structure of the centralizer.

Introduction

The factorization of ordinary di!erential operators, from the point of view of symbolic
computation, has attracted much attention at least for a couple of decades, see for instance
[1, 8, 15, 14], just to name a few. For the factorization of second order algebro-geometric
ordinary di!erential operator L , a new approach was recently presented in [10] to factorize
L ! ! . It is indeed the centralizer, the set of all operators commuting with a given operator
L , the structure that guaranties an e!ective factorization of L ! ! , for an spectral parameter
! .

Continuing with this line of work, in this occasion we consider the e!ective factorization
problem of L ! ! for an ordinary third-order di!erential operator

(1) L = " 3 + u1" + u0,

with (stationary) potentials u0, u1 in a di!erential Þeld K , with derivation " and Þeld of
constants C, the Þeld of complex numbers. The potentialsu0 and u1 are assumed to be
solutions of a stationary Boussinesq system [6].

Boussinesq systems have been widely studied, especially their rational solutions [4, 16].
They generate a hierarchy of integrable equations, theBoussinesq hierarchy, one of the
Gelfand and Dickii integrable hierarchies of equations associated to di!erential operators of
any order [5]. The stationary version of the Boussinesq hierarchy ultimately gives families
of di!erential polynomials, in the coe"cients of L , that are conditions for the existence of
a nontrivial operator A commuting with L .

The Burchnall and Chaundy Theorem [2] establishes a correspondence between pairs of
commuting di!erential operators, L and A, and algebraic curves, theirspectral curve! ,

The Þrst author is member of the UPM Research Group ÒModelos matem‡ticos no lineales".
The second author is member of the UCM Research Group 910444 ÒGeometr’a algebraica y anal’tica

real".
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classically deÞned by the so called Burchnall and Chaundy (BC) polynomial. It is another
famous result, SchurÕs Theorem [13], the one ensuring that centralizers have quotient Þelds
that are function Þelds of one variable, therefore they can be seen as a"ne rings of curves,
and in a formal sense these centralizers arespectral curves.

This is the approach followed in our work. We develop a factorization algorithm for
L ! ! 0, ! 0 " C, with L " K [" ] as in (1), for almost every point P0 = ( ! 0, µ0, #0) of the
spectral curve ! of L . For this purpose, we have to establish an appropriate theoretical
framework by means of GoodearlÕs results on centralizers, [7].

1. Factorization on the spectral curve

Let K be a di!erential Þeld with constants Þeld algebraically closed of zero characteristic.
We present the third order operators associated to classical Boussinesq systems as treated
in [6]. In consequence, we rewriteL as

(2) L 3 = " 3 + q1" +
1
2

q!
1 + q0.

Using the notation of [6], we consider a di!erential recursion given by two sequences of
di!erential polynomials f n,i , gn,i in the ring of di!erential polynomials C{ u0, u1} . By direct
computation we verify that:

(3) Bsq3n+3+ i = RBsq3n+ i , with Bsq3n+ i =
!

3"f n,i
3"gn,i

"
for i = 1 , 2,

and initial conditions (f 0,1, g0,1) = (0 , 1), (f 0,2, g0,2) = (1 , 0), and we deÞne the vectors:

(4) vn+1 ,i = R " vn,i , vn,i =
!

f n,i
gn,i

"
and v0,1 :=

!
0
1

"
, v0,2 :=

!
1
0

"
,

for matrices of pseudi!erential operators:

(5) R =
!

R 1 R 2
R 3 R 4

"
, R " = " # 1R" =

!
" # 1R 1" " # 1R 2"
" # 1R 3" " # 1R 4"

"

and pseudodi!erential operators R 1 = 3q0 + 2q!
0" # 1, R 2 = 2 " 2 + 2q1 + q!

1" # 1, R 4 =
3q0 + q!

0" # 1, and R 3 = ! 1
6" 4 ! 5

6q1" 2 ! 5
4q!

1" ! 2
3q2

1 ! 3
4q!!

1 +
#
! 2

3q1q!
1 ! 1

6q!!!
1

$
" # 1.

Whenever the coe"cients of L, (u0, u1) = ( q1, 1
2q!

1 + q0) " K # K , satisfy a Boussinesq
systemBsq! = 0, we say that L is a Boussinesq operator. From now on we will considerL
to be a Boussinesq operator.

Next, let A be a di!erential operator in the centralizer of L in K [" ]. We are interested
in the common solutions of the system of linear di!erential equations

(L ! ! )$ = 0 , (A ! µ)$ = 0 .

The tools we have chosen to study this problem are the di!erential resultant and the di!e-
rential subresultants due to the following theorem of E. Previato.

Theorem 1.1 (E. Previato, [11]). Given P, Q " K [" ] such that [P, Q] = 0 then

g(!, µ ) = " Res(P ! !, Q ! µ) " C[!, µ ]

and alsog(P, Q) = 0 . Hence g is a deÞning polynomial for the spectral curve associated to
the pair P, Q.
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Then we get the factorization formula (6). Moreover, the function%in the next theorem
can be e!ectively computed by means of di!erential subresultants [3]. See [12] for more
details.

Theorem 1.2. Let L be a geometrically reducible Boussinesq operator, and! its spectral
curve. There exists a rational function%" K (!) such that, for every pointP0 = ( ! 0, µ0, #0)
in ! \ Z , the operator L ! ! 0 has as right factor" + %(P0) = gcd (L ! ! 0, A1 ! µ0, A2 ! #0).

Moreover, the following formula can be easily veriÞed inK [" ]:

(6) L ! ! 0 = ( " 2 + %(P0)" + %(P0)2 + 2%(P0)! + u1)( " + %(P0)) .

To illustrate our results, we perform our methods onL = " 3 ! 6
x2 " + 12

x3 + h, with h $= 0 ,
to obtain A1 = " 4 ! 8

x2 " 2 + 24
x3 " ! 24

x4 and A2 = " 5 ! 10
x2 " 3 + 40

x3 " 2 ! 80
x4 " + 80

x5 in the centralizer
of L . An e!ective computation of the basis of the centralizer ofL is the Þrst step towards
an e!ective Picard-Vessiot theory for spectral problems iniciated in [10] and [9] for second
order operators. We will address this topic in a near future work.
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ON CALCULATING MINIMAL GENERATING SETS IN MAGMAS

MIKOLç! JANOTA , ANTîNIO MORGADO, AND PETR VOJT"CHOVSK#

Abstract. We present an algorithm for calculating a minimal generating set of a Þnite
algebra. Despite the fact that the problem is in NP, a single call to a SAT solver is
impractical since the encoding is cubic. Instead, the proposed algorithm solves a series of
smaller subproblems in the spirit of counterexample-guided abstraction reÞnement. The
individual subproblems are formulated as integer linear programs that are solved by an o$-
the-shelf solver. Our implementation shows that the proposed algorithm is highly e%cient
and is able to compute minimal generators for algebras of orders approximately 2000.

In our experiments we focus on Moufang loops, a variety of loops with properties close
to groups. For Moufang loops of prime power order, we are able to calculate a minimal
generating set by another method, using theoretical results on the Frattini subloop and
algorithms for permutation groups, of which some are reported here for the Þrst time.
This second method does not cover all cases, but in the covered cases it serves as a check
of correctness of the LP-based algorithm.
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ON THE EXTENSION OF WILFÕS CONJECTURE TO SEMIMODULES
OVER A NUMERICAL SEMIGROUP

PATRICIO ALMIRîN AND JULIO JOSƒ MOYANO FERNçNDEZ

Abstract. The aim of this talk is to show an extension of the Wilf conjecture to semi-
modules over a numerical semigroup. The key point is the introduction of a new invariant
that we call the Wilf function of a semimodule over a numerical semigroup [4, 3]. More
concretely, we will show that the natural generalization of the Wilf conjecture to semimod-
ules over the semigroup does not work unless we use the Wilf function of the semimodule.
In this direction, we propose several questions regarding the possible extensions of Wilf-
type inequalities for semimodules. The second part of the talk will focus on providing
some answers to the extension of WilfÕs conjecture in some particular cases.
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THE DIAMETER OF THE COMMUTATION GRAPH OF A
PERMUTATION

GON‚ALO GUTIERRES, RICARDO MAMEDE , AND JOSƒ LUIS SANTOS

Abstract. Using the standard Coxeter presentation for the symmetric group Sn, two
reduced expressions for the same group element w are said to be commutationally equiv-
alent if one expression can be obtained from the other one by applying a Þnite sequence
of commutations. The commutation classes can be seen as the vertices of a graph C(w),
where two classes are connected by an edge if elements of those classes di!er by a long
braid relation. We establish a statistic on the classes of C(w), inducing a rank poset
structure on C(w) with a unique minimal and a unique maximal element. This allows
us to give a precise formula for the diameter of the graph C(w). We recover, as special
cases, the diameter of the commutation graph for the longest element of the symmetric
group and the characterization of fully commutative permutations obtained by S. Billey,
W. Jockusch and R. Stanley.

Introduction

Given an integer n ! 2, we let Sn denote the symmetric group on the alphabet[n] =
{ 1, . . . , n} , with composition of permutations performed from right to left. The symmetric
group Sn is an example of the more general concept of a Coxeter group, which are groups
G that can be generated by a setS = { s1, . . . , sm } " G satisfying relations (si sj )mij = 1 ,
wheremii = 1 and mij ! 2 for i #= j . Any element w $ G can be written as a Þnite product
of elements ofS. If w = si 1 si 2 á á ási ! with ! minimal, the word i 1i 2 á á ái ! is called areduced
word (or reduced decomposition) of g. In this case, we deÞne thelength of w by ! (w) = ! .
The set of all reduced words ofw is denoted by R(w).

The symmetric group has a Coxeter representation with generatorssi , the adjacent trans-
position interchanging the elementsi and i + 1 , for 1 % i % n & 1, which satisfy the Coxeter
relations

si sj = sj si for |i & j | ! 2,(1)

si si +1 s1 = si +1 si si +1 for 1 % i % n & 2,(2)

and s2
i = 1 , the identity element. The relations (1) are known ascommutations or short

braid relations, and the relations (2) are calledlong braid relations.
The graph G(w), having vertex set R(w) and a edge connecting two reduced words if they

di!er by a single Coxeter relation has been considered by several authors. Contracting the
commutation edges ofG(w) leads to the associated graphC(w), known as the commutation
graph of w, which has also received some attention. Elnitsky [2] established a bijection

This work was partially supported by the Centre for Mathematics of the University of Coimbra -
UIDB/00324/2020, funded by the Portuguese Government through FCT/MCTES.

The talk at the 8IMM 2022 has been given by the second author.
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between the vertices ofC(w) and rhombic tilings of certain polygons, and proved thatC(w)
is bipartite. The diameter of C(wo) has been computed in [3], and a connection to geometric
representation theory has been explored.

In this talk, we establish a statistic on the classes ofC(w), inducing a rank poset structure
on C(w) with a unique minimal and a unique maximal element. This allows us to give a
precise formula for the diameter of the graphC(w). We recover, as special cases, the
diameter of the commutation graph for the longest elementwo and the characterization of
fully commutative permutations obtained by Billey, Jockusch and Stanley [1].

1. A statistic on C(w)

The Rothe diagram forw = w1w2...wn, denoted byD(w), gives a graphical representation
of the inversion pairs of w and can be obtained by writing w vertically along the y-axis,
with wi at height i , and writing the positive numbers along the x-axis. Then, with this
numerical arrangement of rows and columns, place a cell in position(wj , i ) whenever this is
an inversion pair for w, for each i, j $ n. The cells ofD(w) correspond to inversions inw,
namely (p, q) $ D(w) if and only if (wp, q) is an inversion ofw.

A labelling of the cells of the Rothe diagram for a permutationw $ Sn with the positive
integers in [! (w)] is called astandard balanced tableauxif for any entry of the diagram, the
number of entries to its right that are greater is equal to the number of entries above it that
are smaller. Denote the set of all standard balanced tableaux onD(w) by SBT(w).

S. Fomin et al. [5] stablished a bijectiona '( Pa between R(w) and SBT(w), and we can
deÞne mapsci and bi in SBT(w) that translates to the tableaux setting the short and long
relations deÞned in R(w).

Given a permutation w $ n, deÞne the set ofinversion triples

Tw = { (wk, wj , wi ) : wi > w j > w k and i < j < k } ,

form by all triples (x, y, z) in [n] such that (z, y), (z, x) and (y, x) are inversions forw.

DeÞnition 1.1. Given a permutation w $ n, deÞne the map! on the cartesian product
Red(w) ) Tw by setting

!( a, (x, y, z)) =

!
1, if Pa(y, x) > P a(z, y)
0, if Pa(y, x) < P a(z, y)

,

where Pa(y, x) denotes the label in position(y, x) of Pa.

The ! function is class invariant, that is two reduced wordsa, b$ Red(w) are in the same
commutation class if and only if !( a, (x, y, z)) = !( b,(x, y, z)) , for all triple (x, y, z) $ Tw.
Moreover, there is one and only one commutation class[amin ] (resp. [amax ]) in C(w) for
which !( amin , (x, y, z)) = 0 (resp. !( amin , (x, y, z)) = 1 ) for all (x, y, z) $ Tw.

DeÞnition 1.2. Given a, b$ Red(w), let

t(a, b) =
"

(x,y,z )! T w

!( a, (x, y, z)) * 2 !( b,(x, y, z)) ,

where * 2 represents the sum modulo 2.
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The map t : R(w) ( { 1, 2, . . . , |Tw|} deÞned byt(a) = t(amin , a) is a rank function for
the graph C(w).

Proposition 1.3. Let w $ Sn. The partial order deÞned on the commutation classes of
C(w) given by the transitive closure of covering relations

[a] < [b] if [a] +
L

[b] and t(b) = t(a) + 1 ,

makesC(w) into a ranked partially ordered set with a unique minimal element[amin ] and a
unique maximal element[amax ].

Using this rank function, we can give a formula for the diameter ofC(w).

Theorem 1.4. The diameter of C(w) is equal to the cardinality of Tw.

We recover, as special cases, the diameter of the commutation graph for the longest
element of the symmetric group and the characterization of fully commutative permutations
obtained by S. Billey, W. Jockusch and R. Stanley.

Corollary 1.5 (Billey, Jockusch, and Stanley, 1993). A permutation w $ Sn is fully com-
mutative if and only if it is 321-avoiding.

Corollary 1.6. The diameter of the commutation graph for the longest permutationw0 of
Sn is

#n
3

$
.
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THE CREAM PACKAGE: A FAST GENERAL PURPOSE UNIVERSAL
ALGEBRA PACKAGE FOR GAP

WOLFRAM BENTZ

Abstract. The Cream package for GAP provides fast algorithms to execute common
algebraic operations on Þnite universal algebras with unary or binary operations. Among
others, it computes automorphisms, congruences, endomorphisms and subalgebras. As
a one-size-Þts-all package, it only relies on universal algebra theorems, without taking
advantage of speciÞc theorems about particular algebras or the knowledge of speciÞc rep-
resentations.

In this talk we introduce the package, detail some of its algorithms and their imple-
mentation, and show examples of applications.

Introduction

The determination of algebraic properties of mathematical structures, such as their auto-
morphism groups, is one of the oldest algebraic problems. As P.J.Cameron observed: [1]:

In the famous Erlanger Programme, Klein proposed that geometry is the
study of symmetry; more precisely, the geometric properties of an object are
those which are invariant under all automorphisms of the objects. (. . .) Ac-
cording to Artin, Òthe investigation of symmetries of a given mathematical
structure has always yielded the most powerful results.Ó

This importance equally applies if the structure under consideration is an algebra itself. In
particular, automorphisms, endomorphisms, congruences, and subalgebras are of interest in
order to study classes of algebras.

However, the computation of these properties is a di!cult task for general algebras.
Therefore the majority of existing tools target speciÞc classes such as groups to take advan-
tage of domain speciÞc theorems.

In contrast, the Cream package for GAP provides fast algorithms for Þnite algebras of
unary or binary type without further restrictions. In this talk we will introduce the package.

1. Algorithms

We give some examples of the algorithms used in Cream. We will also address several
aspects of their implementations that contribute to the e!ciency of the overall package.

This work is funded by national funds through the FCT - Funda•‹o para a Ci•ncia e a Tecnologia, I.P.,
under the scope of the projects UIDB/00297/2020 and UIDP/00297/2020 (Center for Mathematics and
Applications).

1



2 WOLFRAM BENTZ

2. Applications

We present several example applications of the Cream package.

This is joint work with Jo‹o Araœjo (Universidade Nova de Lisboa), Choiwah Chow
(Universidade Aberta), Rui Barradas Pereira (Universidade Aberta), Jo‹o Ramires (Uni-
versidade Aberta), Luis Sequeira (Universidade de Lisboa), and Carlos Sousa (Universidade
Aberta).
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GR…BNER BASES IN CATEGORICAL ALGEBRA AND
DIFFERENTIAL GEOMETRY

XABIER GARCêA MARTêNEZ

Abstract. We will highlight how Gršbner bases played a key role to solve some inter-
esting problems in categorical algebra and di!erential geometry.

1. Lie algebras and categorical algebra

The variety of Lie algebras is usually one of the central examples in the non-associative
algebras world. Many properties, studied from a universal algebra point of view, were Þrstly
introduced to Lie algebras and then generalised to several di!erent structures. One of the
many aims of categorical algebra is to give general deÞnitions that can help to understand
these notions and their generalisations.

We found that there are two interesting properties, representability of actions and the
existence ofalgebraic exponents, that actually characterise Lie algebras amongst all varieties
of non-associative algebras. To do so, we made use of computational algebra, Gršbner bases
in particular.

2. Einstein manifolds

A pseudo-Riemanninan manifold(M, g) is said to beEinstein if its Ricci tensor is a mul-
tiple of the metric. These kind of metrics are optimal, in the sense that its scalar curvature
is uniformally distributed through the manifold. In dimension 2 all pseudo-Riemannian
manifold are Einstein, whereas in dimension3 it is equivalent to have a constant sectional
curvature and therefore they are completely determined(R3, S3, H3). However, in dimen-
sion 4 the classiÞcation of Einstein manifolds is an open problem.

We were able to classify an interesting subclass of Einstein manifolds in dimension4,
the homogeneous conformally Einstein ones. In fact, we showed that there is only one
homothetic class of homogeneous strictly Bach-ßat manifolds. To achieve this, we used
Gršbner bases as a tool to identify and explore the polynomial ring formed by the parameters
that arise from the deÞning Lie groups.
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HYPOTHESIS TESTING AND INFORMATION THEORY

ALBERT GUILLƒN I FËBREGAS

Abstract. This talk will describe the main connections between hypothesis testing and
information theory. In particular, we will introduce an identity between the error prob-
ability of Bayesian M -ary hypothesis testing and non-Bayesian binary hypothesis testing
in the Neyman-Pearson setting.

Statistical hypothesis testing is one of the main problems in statistics and Þnds applications
in areas as diverse as information theory, image processing, computer science, signal pro-
cessing, social sciences or biology. Hypothesis testing is the problem of deciding one ofM
possible known statistical hypotheses after processing some observation data. Hypothesis
testing problems are typically classiÞed as binary or non-binary, depending on the number
of hypotheses, and Bayesian or non-Bayesian, depending on whether or not priors on the
hypotheses are known.

In this talk, we will study the error probability of M -ary hypothesis testing. In particular,
we show that the error probability of BayesianM -ary hypothesis testing is equal to the error
probability of a suitably optimized non-Bayesian binary hypothesis test. We will discuss
an alternative identity in terms of information spectrum [1], i.e., the tail probability of an
information random variable. The extension to the case where the hypothesis test outputs
a list of candidate hypotheses instead of a single one will also be discussed.

This is joint work with Gonzalo V‡zquez-Vilar, Adriˆ Tauste, Alfonso Martinez [2] and
Ehsan Asadi Kangarshahi [3].
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A NEW SEMI-QUANTUM CONFERENCE KEY AGREEMENT
PROTOCOL

R. BARREIRO, W. KRAWEC, P. MATEUS, N. PAUNKOVI!, AND A. SOUTO

Abstract. The constructions of (quantum) secure applications and communications are a
reality for the near future Quantum internet. Quantum Key Distribution (QKD) protocols
are one of the most studied communication protocols in the literature and despite the
existence of theoretical perfectly secure QKDÕs, these protocols do not scale properly with
the number of users. Furthermore, they require that all the parties in the protocol have
a quantum device. In this talk I will be presenting a new Semi-Quantum Conference Key
Agreements protocol that, on one hand, being quantum, its security does not depend on
mathematical hardness assumptions; secondly, is an extension of QKD for several users;
and also, being only semi-quantum, i.e., requiring only one of the parties involved in the
protocol to be fully quantum and all the others classical, uses less (quantum) expensive
resources.

Introduction

The major thread of quantum computing to classical public-key cryptography is due to
ShorÕs algorithm [1]. This algorithm reduced to (quantum probabilistic) polynomial time the
di!culty to break cryptographic systems commonly used nowadays like RSA and Elliptic-
curve cryptography. Therefore new quantum-resistant communication protocols are being
seriously studied for the last decades. Quantum mechanics brought to computer science and
especially cryptography a fresh perspective on one can deal with the security and privacy of
communications. In particular, the replacement of hardness mathematical assumptions (e.g.,
factoring a n bit number is not possible with a probabilistic-polynomial time algorithm) by
laws of physics to ensure secrecy is the most relevant advantage of using a quantum-based
approach to cryptography.
One of the most basic communication protocols aims to achieve a common key between
two parties which is called key distribution. Di!e-Hellman protocol [4] (that relies on the
hardness of computing the discrete logarithm) is probably the most well-known example of
this kind of protocol. Although, ShorÕs algorithm turns this protocol vulnerable to quantum
computers. In 1984, Charles Bennett and Gilles Brassard developed the Þrst-ever QKD,
known as, the BB84 protocol [3], following WiesnerÕs ideas [2] of multiplexing to generate
quantum money that could not be copied. It is known that BB84 is secure [5]. However,
the QKDs are not suitable for real-world scenarios where users want to establish a common
key among all of them since it does not scalable with the number of users.

! Speaker
This work was supported by FCT through the Instituto de Telecomunica•›es research unit under
ref. UIDB/EEA/50008/2020 and by the LASIGE research unit under ref. UIDB/00408/2020 and ref.
UIDP/00408/2020.
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The concept of Quantum Conference Key Agreements (QCKAs) came from the idea of
extending QKDs to several users and several direct protocols have been proposed (see [6]
for a recent survey). The proposed solutions solve the scalability problem but have the
characteristic that the more parties are involved the more quantum resources are needed.
To reduce the number of quantum devices necessary and to enable the possibility of seeing
the QCKA a quantum service the idea of semi-quantum QKDÕs [7, 8] and semi-quantum
QCKAÕs [9, 10, 11] was considered in the literature.
Semi-quantum QKDÕs were introduced by Boyer et. al in 2007 and in this type of protocol
the two parties Alice and Bob are, in terms of resources, di"erent. Furthermore, these
protocols have the advantage of lower costs for practical implementation. Alice is a fully
quantum agent while Bob is limited to being classical having access to a measurement
device (much cheaper quantum hardware). Alice prepares quantum states and Bob can
either measure and resend the result as a basic quantum state or reßect the state to Alice.
The high-level description of our proposal is the following:

(1) Alice (quantum entity) prepares a |GHZ N +1 ! (i.e., an entangled quantum state of
N + 1 particles), whereN is the number of Bobs (classical entities).

(2) Alice sends to eachBob a particle of this entangled quantum state through a quan-
tum communication channel and keeps to herself the Þrst one.

(3) Each Bob, according to a (small) pre-shared key, will either choose to reßect the
undisturbed qubit to Alice (CTRLoperation) or measure the qubit in the compu-
tational basis and sends back to her the measurement result as an encoded state
prepared in the same classical state found (SIFT operation).

(4) The CTRLrounds are used for spotting eavesdropping, while theSIFT rounds are
used to establish the Þnal conference key.

Our proposal has the following characteristics. Having Alice as an interested party to also
have a part in the shared key, brings a security advantage as we do not have to deal with
the case of having a third party leading the process to be impersonated by an eavesdropper
(see [12], for a more comprehensive discussion). Furthermore, it is possible to ensure security
assuming that the size of the pre-shared key among all the participants is of the square root
order of the new common secret binary string. Therefore, this kind of protocol is sometimes
called conference key extension.
In this talk we discuss the security of our protocol. The proof of security used a reduction
to a One-Way Fully-Quantum Key Distribution protocol a technique developed to prove the
security of SQKD (Semi-Quantum Key Distribution) protocols [13]. We also discuss the key
rate of our proposal and computed a lower bound for it.
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CONTINUITY OF QUANTUM ENTROPIC QUANTITIES VIA ALMOST
CONVEXITY

ANDREAS BLUHM, ANGELA CAPEL , PAUL GONDOLF, AND ANTONIO PEREZ-HERNANDEZ

Abstract. Quantum divergences appear ubiquitously in quantum information theory to
describe various ways of measuring how distinguishable two quantum states are. These
quantities are generally continuous, although speciÞc continuity bounds are frequently
unknown. In this talk, we will introduce a new method to explore the uniform continuity of
certain quantum divergences under the requirement that they satisfy some desirable form
of almost concavity. This will allow us to generate a plethora of new continuity bounds for
certain quantum entropic quantities, which can be applied in numerous contexts, ranging
from quantum hypothesis testing to approximate quantum Markov chains, among others.
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THE MATHEMATICS OF SNARKS: POLYNOMIALS, FINITE FIELDS,
ELLIPTIC CURVES AND ERROR CORRECTING CODES

CARLA RËFOLS

Abstract. In the last few years we have seen how SNARKs (Succinct Non-Interactive
Arguments of Knowledge) have moved from the theory of complexity and cryptography to
applied cryptography and engineering. We will review the applications of SNARKs and
the mathematical ingredients that have made this possible.

Introduction

The PCP theorem [1, 5], that states that every language in NP can be probabilistically
veriÞed with a constant number of randomized checks to a very long proof, is a very beautiful
and fundamental theorem in the theory of complexity. The Òvery long proof" is a redundant
encoding of the witness, the piece of information owned by the prover that allows to decide
membership in the language e!ciently.

At an intuitive level, one way to interpret the PCP theorem is as saying that probabilistic
veriÞcation of many computations can be done much more e!ciently than redoing the
entire computation. Therefore, in principle, it implies e!cient solutions to the following
cryptographic problems:

(1) Delegation of Computation: a single powerful party (the prover) can compute a
proof that a certain computation is correct that is super e!cient to verify, so that
the veriÞer can be a resource-constrained device that could not do the computation
on its own. More generally, this means that expensive computations need to be
carried out only once, and posterior veriÞcations can be done in a very cheap way
by any party.

(2) Zero-Knowledge Proofs (ZKPs) [7]: with some additional tweaks, a proof that asserts
that certain computation is correct can be usually turned into a ZKP, that is, a proof
without any additional information leakage. This means that the veriÞer only learns
that the claim of the prover is correct and does not gain any knowledge of the
proverÕs secret information (the witness). At a high level, this means that ZKPs
allow to prove that complex computations over secret data are correct in a way that
is both cheap and secure (privacy compliant) to verify.

Although these applications of the theorem were studied from relatively early on [9, 10],
it is not so simple to construct concretely e!cient and scalable solutions to any of these
problems in practice. Thus, for quite some time, these applications of the PCP theorem
were considered less of a success and did not receive as much as attention as others, like the
study of hardness of approximation [5].

The situation has changed in the last decade due to several breakthroughs [8, 6] that
have allowed to construct truly e!cient Succinct Non-Interactive Arguments of Knowledge
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(SNARKs), that is, short proofs of statements that are e!cient to create and supere!cient
to verify. Succinctness implies that the proof is much shorter than the witness (in fact, it is
usually of constant size) so even very complex statements (encoded as very large arithmetic
circuits over some Þnite Þeld) are very e!cient to verify. Starting from the work of [2],
there are also many ongoing engineering e"orts (e.g. [3, 4]) to use SNARKs in real-world
applications. The long term vision is that SNARKs are a fundamental tool not only for
privacy (because of the zero-knowledge property) but also for scalability in decentralized
settings where nodes need to agree on a common state, since a single short (or succinct)
proof can replace the complex history that would otherwise need to be stored by any party
who wants to verify it.

This talk will deal with mathematical aspects of practical SNARKs and explain the
connection to their main building blocks: Þnite Þelds, error correcting codes, polynomials,
Number Theoretic Fourier Transforms or cycles of elliptic curves.

In particular, we will explain in some detail how to express arithmetic circuit satisÞability
as a polynomial divisibility problem, which, starting from the work of Gentry et al. [6], is
one of the main tools to achieve succinctness. We will review joint work with Arantxa
Zapico [11], in which we construct very e!cient SNARKs that have a property, universal
and updatable setup, that is very desirable in practice since it avoids the need for a trusted
third party in the setup stage.
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COMBINATORICS OF SECRET SHARING

CARLES PADRî

Abstract. In this survey talk, the main connections between secret sharing and matroid
theory (including polymatroids) are discussed.

Secret sharing was independently introduced in 1979 by Shamir [11] and Blakley [1] as
a method to safeguard sensitive information. A secret sharing scheme is a code with a
randomized encoding function. Every code word consists of thesecret valueand the shares
for the players. Only the qualiÞed sets of players, which form theaccess structure, can
recover the secret value from their shares. A secret sharing scheme can be seen as well as
a collection of random variables, and, as pointed out by Fujishige [6], their joint Shannon
entropies determine a monotone and submodular set function, that is, apolymatroid. In the
optimal case of a perfect, ideal secret sharing scheme, in which each share has the same size
as the secret value, Brickell and Davenport [2] proved that the scheme deÞnes amatroid
and its access structure is aport of that matroid. Linear representations of matroids and
polymatroids provide linear secret sharing schemes, which are e!cient and specially useful in
some applications. In general, the matroids and polymatroids determined by secret sharing
schemes areentropic.

Minimize the size of the shares is a capital problem in secret sharing. Shannon inequal-
ities, which are equivalent to polymatroid axioms, provided the Þrst known lower bounds.
SpeciÞcally, the Þrst lower bound far from1 [3] and CsirmazÕs [4] lower bound, the best
of the currently known ones for the general case. Combined with SeymourÕs [10] forbidden
minor characterization of matroid ports, Shannon inequalities imply a lower bound for all
access structures that are not matroid ports [7]. All those lower bounds can be derived from
linear programming problems. A recent reÞnement [5] of that technique improved the lower
bounds for a number of access structures on small sets of players.

From the aforementioned developments in secret sharing and other topics in information
theory, other classes of matroids beyond the linear and algebraic ones have received a con-
siderable amount of attention. Namely, theentropic and almost entropic matroids, and the
folded linear matroids. Remarkable ideas and techniques on entropic matroids were given
by Matœ" [8], who recently proved that algebraic matroids are almost entropic [9].
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SMALL KEYS FOR POST-QUANTUM CRYPTOGRAPHY USING
CONVOLUTIONAL CODES

PAULO ALMEIDA, MIGUEL BELTRç, AND DIEGO NAPP

Abstract. We present a variant of the Nierderreiter code-based cryptosystem that allows
to reduce the public key with respect to other alternatives of code-based Public Key
Cryptosystems, such as the McEliece and the Nierderreiter cryptosystem. As opposed to
the classical Nierderreiter cryptosystem, where block codes are used, we propose the use
of parity check matrices of convolutional codes to be part of the public key. The secret key
is constituted by the parity check of a Generalized Reed-Solomon code and two invertible
polynomial matrices. In this scheme the plaintext is divided into a sequence of shorter
messages and encrypted sequentially. We analyze ISD and structural attacks and conclude
presenting several examples for di!erent security levels.
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FREE RESOLUTIONS AND GENERALIZED HAMMING WEIGHTS

EDGAR MARTêNEZ-MORO

Abstract. In this talk, we explore the relationship between free resolution of some mono-
mial ideals and Generalized Hamming Weights (GHWs) of binary codes. More precisely,
we look for a structure smaller than the set of codewords of minimal support that provides
us some information about the GHWs. We prove that the Þrst and second generalized
Hamming weight of a binary linear code can be computed (by means of a graded free
resolution) from a set of monomials associated to a binomial ideal related with the code.
Moreover, the remaining weights are bounded by the Betti numbers for that set.

The study of GHWs for linear codes is a hot topic in Coding Theory since it can be
applied in information theory. However, there are just a few families of codes for which
the complete generalized weight hierarchy is known. In 2013, Johnsen and Verdure showed
how the GHWs of a linear code could be computed from a minimal graded free resolution
of a monomial ideal associated with the set of codewords of minimal support of the code,
denoted by MC. In this work, given a linear code C, we look for a structure smaller than MC
that provides us some information about the GHWs. In particular, for a long time the we
have conjectured that a Gršbner test-set (which is a subset of MC ) determines the GHWs of
a linear code. This conjecture was supported by computational evidence but unfortunately
this is not true, as it will be shown. Although this is not true, we are able to prove that
at least the Þrst and second GHWs of a binary linear code can be computed using this set.
Moreover, we obtain an upper bound for the other GHWs.
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DISTRIBUTED BANACH-PICARD ITERATIONS FOR DISTRIBUTED
INFERENCE: THEORY AND APPLICATIONS

FRANCISCO L. ANDRADE , JOÌO XAVIER, AND MçRIO A. T. FIGUEIREDO

Abstract. Many inference problems can be mathematically formulated as Þnding a Þxed
point of a contractive operator/map. In modern distributed scenarios (e.g., distributed
machine learning or sensor networks), this map can be naturally written as the average
of individual maps held locally and privately ( i.e., the agents donÕt want to share their
local data with the others) by a set of agents linked by a (maybe sparse) communication
network. Starting with the classical Banach-Picard iteration (BPI), which is is a widely
used natural choice to Þnd Þxed points of locally contractive maps, this talk shows how
to extend the BPI to these distributed settings. We do not assume that the locally con-
tractive map comes from an underlying optimization problem, which precludes exploiting
strong global properties such as convexity, coercivity, or Lipschitzianity. Yet, we present a
distributed algorithm (called distributed Banach-Picard iteration Ð DBPI) that keeps the
linear convergence rate of the standard BPI for the average locally contractive map. As an
application, we derive and prove linear convergence of two distributed algorithms for two
classical data analysis problems: the expectation-maximization algorithm for parameter
estimation from noisy and faulty distributed sensors; principal component analysis with
distributed data (equivalently Þnding the top m eigenvectors of a positive semideÞnite
matrix, which is the average of local matrices held by the network agents).

More details about this work can be found in [1, 2].
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PUBLIC VERIFIABLE SECRET SHARING AND APPLICATIONS TO
RANDOMNESS BEACONS

IGNACIO CASCUDO

Abstract. In this talk I will review some recent advances on the topic of publicly veri-
Þable secret sharing and its applications to the construction of randomness beacons. The
talk is based on a series of works in collaboration with Bernardo David, Lydia Garms,
Anders Konring, Omer Shlomovits and Denis Varlakov.

Summary

Secret sharing schemes allow a dealer to distribute the knowledge of a secret among a
number of parties according to certain access conditions (for example, that only a large
enough subset of the parties can reconstruct the secret when they agree in doing so). Secret
sharing schemes constitute one of the most well known cryptographic primitives.

In publicly veriÞable secret sharing (PVSS), introduced in [1], the dealer publishes the
shares in an encrypted form, and proves that these ciphertexts indeed hide a set of valid
shares (i.e. a secret can be reconstructed from these shares) in such a way that any exter-
nal veriÞer can be convinced of the validity of the sharing without obtaining information
about the secret. In this way a PVSS scheme is a cryptographic commitment to a secret,
that can be jointly opened by a large enough number of share receivers. PVSS has ap-
plications in electronic voting, multiparty computation and recently in the construction of
distributed randomness beacons for its use in proof-of-stake blockchains. One notable work
was [2] who introduced a simple construction for PVSS based on discrete logarithm hardness
assumptions.

This talk will review a line of work ([3, 4, 5, 6]) starting in 2017 where we have sub-
sequently reduced the complexity of PVSS and thereby improved its scalability for large
number of parties, which is motivated especially by the aforementioned applications to dis-
tributed randomness beacons and other related uses. I will detail some of these e!ciency
improvements and brießy discuss how to utilize this tool to construct distributed randomness
beacons.
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BELL NONLOCALITY IS NOT SUFFICIENT FOR THE SECURITY OF
STANDARD DEVICE-INDEPENDENT QUANTUM KEY DISTRIBUTION

PROTOCOLS

MçTƒ FARKAS, MARIA BALANZî-JUANDî , KAROL !UKANOWSKI, JAN KO!ODY"SKI,
AND ANTONIO ACêN

Abstract. Device-independent quantum key distribution is a secure quantum crypto-
graphic paradigm that allows two honest users to establish a secret key, while putting
minimal trust in their devices. Most of the existing protocols have the following structure:
Þrst, a bipartite nonlocal quantum state is distributed between the honest users, who
perform local projective measurements to establish nonlocal correlations. Then, they an-
nounce the implemented measurements and extract a secure key by post-processing their
measurement outcomes. We show that no protocol of this form allows for establishing a
secret key when implemented on any correlation obtained by measuring local projective
measurements on certain entangled nonlocal states, namely on a range of entangled two-
qubit Werner states. To prove this result, we introduce a technique for upper-bounding
the asymptotic key rate of device-independent quantum key distribution protocols, based
on a simple eavesdropping attack. Our results imply that either di#erent reconciliation
techniques are needed for device-independent quantum key distribution in the large-noise
regime, or Bell nonlocality is not su$cient for this task.

1. Background and summary

Device-independent quantum key distribution (DIQKD) is the most secure quantum cryp-
tographic paradigm. The security of DIQKD protocols is based only on the assumption that
quantum theory is correct, and on observed measurement outcome statistics (often called
correlations). In particular, the honest users do not need to trust the inner workings of their
devices, and therefore these protocols are not vulnerable to implementation ßaws that may
be exploited in eavesdropping attacks.

All the known secure DIQKD protocols are based on the observed correlations violating
a certain Bell inequality, usually a biased CHSH inequality [1, 16, 4, 20, 11, 18, 19]. It is in
fact relatively straightforward to see that Bell nonlocality (the violation of a Bell inequality)
is necessary for the security of any DIQKD protocol. However, it remains an open question
to characterise the necessary and su!cient conditions a correlation needs to satisfy in order
to be useful for secure DIQKD.

One approach to rule out that certain correlations are useful for DIQKD is to deriveupper
boundson the extractable key rate from a given correlation. This approach has gained some
interest recently, and a few generic techniques have been proposed [12, 8, 5]. However, all

The second author has been partially supported by the European UnionÕs Horizon 2020 research and
innovation programme under the Marie Sk%odovska-Curie grant agreement No 847517.

The talk at the 8IMM 2022 has been given by the second author.
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the upper bounds constructed thus far remain positive for nonlocal correlations, suggesting
that Bell nonlocality might be su!cient for the security of DIQKD protocols.

In this work, we prove the opposite for a generic class of DIQKD protocols that we call
standard protocols, as most of the known protocols belong to this class. In particular, we
show that for a large class of nonlocal correlations, the upper bound on the key rate is zero,
and hence, Bell nonlocality is in general not su!cient for the security of standard DIQKD
protocols. Our proof is based on a simple eavesdropping attack, which allows for e!ciently
computing upper bounds on DIQKD key rates for arbitrary correlations.

2. Tools and main ideas

Every DIQKD protocol can be described by two trusted partiesÑAlice and BobÑmeasuring
a fresh copy of a bipartite quantum state! AB in each of a total of n measurement rounds.
In each round, they select one of many possible measurement settings (labelled byx for
Alice and y for Bob), and record their measurement outcomes (labelled bya for Alice and
b for Bob). After su!ciently many rounds, they publicly reveal the measurement settings
and outcomes for a subset of the rounds in order to estimate the joint distribution

(1) pAB (a, b|x, y) = tr[ ! AB (Ax
a ! B y

b)],

specifying the probability of observing the outcome paira, b given the setting pair x, y. In
Eq. (1), Ax

a (B y
b) denotes the measurement operator of Alice (Bob) corresponding to the

setting x (y) and the outcome a (b). Note that while quantum theory prescribes that the
correlation can be written in the form of Eq. (1), Alice and Bob do not need to know the
form of the quantum state and the measurements. From their perspective, they are simply
selecting the settingsx and y, and recording the outcomesa and b.

Once the estimation is done, they attempt to extract a secure key from the non-disclosed
outcomes a and b, using two-way public communication schemes, usually referred to as
privacy ampliÞcation (reducing the knowledge of any potential eavesdropper about their
outcomes) and error correction (increasing the correlation between their outcomes) [14]. At
the end of the protocol, Alice and Bob aim to hold a pair of identical bit strings that appear
completely random to any potential eavesdropper. In this work, we are interested in the
asymptotic key rate, that is, the length of the Þnal key string divided by the number of
measurement roundsn, in the limit of inÞnitely many measurement rounds,n " # .

We provide a generic tool for upper-bounding the asymptotic key rate forstandard
DIQKD protocols. In these protocols, after the estimation Alice and Bob publicly announce
the measurement settings for each round. Note that most DIQKD protocols proposed thus
far are of this kind [1, 16, 4, 20, 11, 18, 19], with only a few exceptions (see e.g. [2]).

In order to upper-bound the key rate, it is su!cient to describe a speciÞc eavesdropping
attack conceivable within the limitations of quantum theory. We propose theconvex combi-
nation (CC) attack, which was originally considered for eavesdroppers limited only by the
no-signalling principle [2, 3]. It is a simple individual attack, that does not require any
quantum memory from the eavesdropper [15]. Since in the device-independent paradigm
Alice and Bob do not trust the precise form of the shared state and their measurements,
the eavesdropper (Eve) can make use of this lack of information. In particular, one way of
thinking of the CC attack is assuming that Eve knows the precise form of the measurements
Ax

a and B y
b, and she is the one distributing the quantum state! AB in Eq. (1). This attack
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can e"ectively be described as Eve ÒdistributingÓ correlations via the quantum states. In
the CC attack, Eve distributes a local correlation pL

AB (a, b|x, y) with probability qL , and
a nonlocal correlation pNL

AB (a, b|x, y) with probability 1 $ qL . The correlation observed by
Alice and Bob is hence given by

(2) pAB (a, b|x, y) = qL ápL
AB (a, b|x, y) + (1 $ qL ) ápNL

AB (a, b|x, y).

Every local correlation can be realised as a convex combination of deterministic corre-
lations [7]. Hence, in every round in which the correlation distributed by Eve is local, we
assume that Eve knows the outcomes of Alice and Bob after they have announced their mea-
surement settings. For this reason, in the CC attack we maximiseqL by Þnding a suitable
decomposition of the observed correlationpAB (a, b|x, y). Note that this maximisation is a
linear program, since the set of local correlations forms a convex polytope [7]. Therefore,
computing the CC attack [the right-hand side of Eq. (2)] for a given observed correlation
[the left-hand side of Eq. (2)] can be performed e!ciently.

According to the above, we assume that in the CC attack Eve records the outcomes
of Alice and Bob in every local round, while she records Ò?Ó (representing her limited
knowledge) in every nonlocal round. This eavesdropping strategy can be described by the
tripartite correlation

(3) pABE (a, b, e|x, y) = qL ápL
AB (a, b|x, y) á"e,(a,b) + (1 $ qL ) ápNL

AB (a, b|x, y) á"e,?.

Once such a tripartite correlation is known, there exist well-established results from clas-
sical cryptography bounding the asymptotic key rate extractable via two-way public com-
munication. Here, we use theintrinsic information [13], which is an upper bound on the
key rate, given by

(4) I (A : B %E) = min
T :E ! øE

I (A : B |T(E)) ,

where the minimisation is taken over all stochastic mapsT : E " øE, and I (A : B |T(E)) is
the conditional mutual information of the resulting distribution pAB øE (a, b,øe). The key rate
r in the DIQKD protocol is then bounded by

(5) r &
!

x,y

pxy áI xy (A : B %E),

where I xy (A : B %E) is the intrinsic information of the tripartite distribution in Eq. (3),
and pxy is the probability of Alice and Bob choosing the setting pair x, y in the protocol.
In summary, the CC attack provides an e!cient means for computing upper bounds on
the key rate of standard DIQKD protocols. Note that while the minimisation in Eq. (4) is
non-linear, every stochastic mapT : E " øE provides a valid upper bound on the key rate
r .

3. Results

We apply the CC attack to DIQKD protocols that use the two-qubit Werner state

(6) ! v
AB = v|#" '( #" | +

1 $ v
4

I ,

where |#" ' = 1#
2
(|01' $ | 10' ), I is the identity operator, and v ) [0, 1] is the visibility . It is

known that for visibilities no greater than vw
L * 0.6829, the Werner state is local, i.e., any
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arrangement of arbitrarily (even inÞnitely) many local projective measurements leads to a
local correlation [10].

Any observed correlation from the Werner state with visibility v can be written as a
unique convex combination of a local correlation from the Werner state with visibility vw

L ,
and a correlation from the state |#" '( #" |. It is precisely this convex combination that we
will assume that Eve uses in the CC attack for an arbitrary standard DIQKD protocol based
on a Werner state and arbitrarily many projective measurements. Furthermore, we assume
that Eve applies the mapT : E " øE on her variable e that maps every pair e = ( a, b) such
that a += b to øe =?, and leaves every other variable invariant. The CC attack is therefore
fully characterised, and we can compute the upper bound on the key rate in Eq. (5) for
any setting pair x, y. We Þnd that for any possible pair of projective measurements, the
intrinsic information I xy (A : B %E) is zero for visibilities no greater than

(7) vw
crit =

vw
L + 1

3 $ vw
L

* 0.7263> v w
NL * 0.7012,

where vw
NL is the nonlocal visibility, for which it is known that there exist arrangements

of projective measurements that give rise to a nonlocal correlation [6]. In summary, Alice
and Bob cannot use any Werner state with visibility vw

NL & v & vw
crit for standard DIQKD,

even though the state is nonlocal, i.e., there exist measurements that give rise to nonlocal
correlations. This means that in general Bell nonlocality is not su!cient for the security of
standard DIQKD protocols.

The bound on the critical visibility can be improved if the number of measurement set-
tings is Þxed. This is the case in the most commonly used biased CHSH-based DIQKD
protocols, that use the Werner state with two measurements on one side, and three or four
measurements on the other side [1, 16, 4, 20, 11, 18, 19, 17]. In this case, the polytope of lo-
cal correlations is fully characterised [9], and the visibility at which the correlation obtained
from the Werner state becomes local is known exactly. Denoting the bias parameter in the
biased CHSH inequality by$ ) (0, %/2), the local visibility is given by v!

L = 1 / (cos$+sin $).
This together with our results on general Werner state protocols gives us the critical vis-
ibility for the biased CHSH-based protocols,v!

crit = ( v!
L + 1) / (3 $ v!

L ) > v !
L . That is, in

the range v!
L < v & v!

crit , the observed correlation in the biased CHSH-based protocol is
nonlocal, but the key rate is zero. Moreover, in these protocols, Alice and Bob usually
extract the key from a Þxed setting pair, and the upper bound on the key rate in Eq. (5)
can be calculated for every$ as a function of the visibility v. In particular, we present the
bound on the standard CHSH-based protocol ($ = %/4) in Fig. 1, compared to two recently
derived upper bounds. Note that the bound becomes zero at the critical visibility, and near
this visibility it outperforms all the previously known upper bounds. In the same Þgure, we
present a region in the set of quantum correlations (red region in the inset) that is nonlocal
but cannot be used for standard DIQKD.

4. Discussion and impact

We presented a generic tool for upper-bounding the asymptotic key rate in standard
DIQKD protocols, based on a simple eavesdropping attack. Our bound is e!ciently com-
putable, as the attack can be computed via a linear program. Using our tools, we showed
that a large class of nonlocal correlations is useless for standard DIQKD, and therefore Bell
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Fig. 1. Upper bounds on the asymptotic key rate for the standard CHSH
protocol in terms of the visibility. The dotted line is the upper bound from
[12], the dashed line is the upper bound from [5], and the solid line is our
bound. The shaded area represents the lower bound from [1]. In the inset,
we depict a region of nonlocal quantum correlations (in red) that cannot be
used for key extraction if the honest parties announce their settings. Here,
the vertical line corresponds to the correlations obtained from the standard
CHSH protocol, the boundary points on the top represent the correlations
for 0 < $ < "

2 and visibility v = 1 , and the horizontal line on the bottom
represents a facet of the local polytope.

nonlocality is not su!cient for the security of these protocols. In particular, the commonly
used biased CHSH-based protocols become insecure in the noisy case, while still exhibiting
nonlocality.

Our results do not immediately rule out the studied correlations as being useful in
DIQKD. However, if one aims to show that they are useful, one needs to propose protocols
beyond standard DIQKD. One possibility is to consider protocols similar to that of Ref. [2],
in which only one party announces their settings. Indeed, for this protocol we were unable
to derive a vanishing upper bound in the nonlocal regime using our techniques. Another
possibility is to consider non-projective measurements, however, it is worth noting that there
is no known quantum state that is local for all arrangements of projective measurements,
while exhibiting nonlocality for some arrangement of non-projective measurements.
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GROUP KEY EXCHANGE IN THE QUANTUM ERA

MARêA ISABEL GONZçLEZ VASCO , çNGEL LUIS PƒREZ DEL POZO,
AND RAINER STEINWANDT

Abstract. In cryptography, key establishment protocols are often the starting point
paving the way towards secure execution of di!erent tasks. Namely, the parties seeking
to achieve some cryptographic task, often start by establishing a common high-entropy
secret that will eventually be used to secure their communication. In this talk, we will
discuss a protocol we proposed in [1], which has been further implemented and tested
in the context of our project Secure Communication in the Quantum Era . In particular,
in our work we focus on the so-called quantum-future scenario (as deÞned by [2]), at
which we consider adversaries that may execute e"cient quantum algorithms, yet only
once the execution of the protocol has concluded. For the case of GAKE this captures
a situation in which keys are to be established in the present, while security guarantees
must still be provided in the future when quantum resources may be accessible to a
potential adversary. Our proposal uses password authentication and builds upon e"cient
and reasonably well understood primitives: a message authentication code and a post-
quantum key encapsulation mechanism. In particular, one could use as building block
any of the key encapsulation mechanisms that are currently considered for standarization
(namely, Kyber, NTRU, Saber Ñlattice basedÐ and Classic McEliece Ð code based). The
hybrid structure dodges potential e"ciency downsides, like large signatures, of some ÒtrueÓ
post-quantum authentication techniques, making our protocol a potentially interesting Þt
for current applications with long-term security needs.
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MAXIMUM RANK DISTANCE CONVOLUTIONAL CODES

DIEGO NAPP, RAQUEL PINTO , AND FILIPA SANTANA

Abstract. Rank metric codes are used to transmit data over a network. In particular,
when several uses of the network are needed to transmit the data, multi-shot network
codes are better suited to deal with errors or erasures introduced during transmission. A
very natural way of building multi-shot codes is to use rank metric convolutional codes
(see [1, 2, 3, 4] for di!erent approaches). In [5] a more general theoretical framework
to rank metric convolutional codes was presented. Later, in [6] the authors deÞned an
important class of rank metric convolutional codes, the Maximum Rank Distance (MRD)
convolutional codes, which are optimal for error and erasure correction. In the same paper,
the authors presented constructions of such codes for a very particular set of parameters.

In this talk, we will introduce the (general) rank metric convolutional codes and the
MRD convolutional codes deÞned in [5, 6]. We will also present novel and more algebraic
constructions of MRD convolutional codes. These constructions are a nontrivial extension
of the ones deÞned in [6] expanding the set of known MRD convolutional codes.
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ADDITIVE MDS CODES

SIMEON BALL AND SAM ADRIAENSEN

Abstract. We prove that an additive code over a Þnite Þeld which has a few projections
which are equivalent to a linear code is itself equivalent to a linear code, providing the
code is not too short.

1. MDS codes

Let A be a Þnite set and letn and k be positive integers. AcodeC of minimum distance
d is a subset ofAn in which any two elements ofC di!er in at least d coordinates. Fixing
any d ! 1 coordinates, it follows that any two codewords cannot agree on the remaining
n ! d + 1 coordinates. Thus, we arrive at theSingleton bound

|C| ! |A|n! d+1 .

A maximum distance separable (MDS) codeC is a subset ofAn of size|A|n! d+1 . If there is
no restriction on the size ofA then MDS codes are the best performing codes when we apply
nearest neighbour decoding. They have the property that a codeword can be recovered from
any k = n ! d + 1 coordinates, which makes them very useful, for example, in distributed
storage systems. Assuming that|C| = |A|k , the Singleton bound can be rewritten as

n " k + d ! 1.

The ubiquitous example of an MDS code is the Reed-Solomon code. The Reed-Solomon
code is an example of a linear code in which the alphabet is a Þnite ÞeldFq and C is a
k-dimensional subspace ofFn

q . The Reed-Solomon code has lengthn = q + 1 which can be
extended to a code of lengthq+2 in the case thatk " { 3, q! 1} and q is even. Its codewords
are the evaluation of polynomials of degree at mostk ! 1. To give a more precise deÞnition,
supposeFq = { a1, . . . , aq} . The Reed-Solomon code is

C = { (f (a1), . . . , f (aq), cf ) | f " Fq[X ], deg f ! k ! 1} ,

where cf is the coe"cient of X k! 1 in f .
There are no known MDS codes which are better than the Reed-Solomon code and it is

generally assumed that there are none. TheMDS conjecture reßects this and states that for
an (n, qk, d)q MDS code whered " 3, the length n satisÞesn ! q + 1 , unlessk " { 3, q ! 1}
and q = 2 h in which casen ! q + 2 .

The MDS conjecture has been veriÞed for linear codes whenq is prime [2]. It is also
known to hold for linear codes whenq is square andk ! c

#
q, where the constantc depends
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on whether q is odd or even. And forq non-square andk ! c"# pq, where again the constant
c" depends on whetherq is an odd power of an even or odd prime. See [3] for a recent survey.
It is also known to hold for all MDS codes over alphabets of size at most8, see [5].

2. Additive MDS codes

Here, we will be interested in additive codes overFq. It seems reasonable that relaxing
linear to additive might allow one to Þnd counter-examples to the MDS conjecture. However,
this has not been the case thus far.

Since additive are always linear over some subÞeld, we Þx this subÞeld asFq and consider
the code overFqh . In [4] it was conÞrmed that the MDS conjecture is true for additive MDS
codes overF9 and F16, where in the last case linearity overF4 is assumed.

Let us denote by an[n, k]qh MDS code any(n, qk, n ! k + 1) qh additive MDS code which
is linear over Fq. Recall that the projection of a codeC on the i -th coordinate is the code
obtained from C taking those codewords with a zero in thei -th coordinate. The projection
of a [n, k]qh MDS code is a[n ! 1, k ! 1]qh MDS code.

The following theorem from [1] is a strengthening of a similar theorem used in [4] and
will be the main focus of the talk.

Theorem 2.1. Let C be an[n, k]qh MDS code. Suppose one of the following holds.

(1) k = 3 , h " { 2, 3} , n > max{ qh! 1, hq ! 1} + 3 and C has three coordinate positions
from which its projection is equivalent to a linear code.

(2) k > 3, n > q h! 1+ k and there are disjoint subsetsA and B of the coordinate positions
of C such that |A| + |B | $ k ! 2, and the projections from A and B are equivalent
to linear codes.

Then C itself is equivalent to a linear code.

Note that in the above an additive code C is equivalent to a linear code if there are
linearised maps

! i : x %&
h! 1!

i =0

cij xqi

such that

{ (! 1(u1), . . . , ! n (un) | (u1, . . . , un) " C}

is linear over Fqh .
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